Efficient method for calculation of low-temperature phase boundaries
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Understanding phase stability and phase transformations is central to predicting material behavior under
varying thermodynamic conditions. One of the earliest and most influential applications of density functional
theory in materials science has been the prediction of pressure-induced phase transitions at 0 K. Extending
these calculations to finite temperatures, however, requires accounting for thermal, quantum, and anhar-
monic contributions to the free energy, often at significant computational cost. In this work, we present a
general and efficient framework for calculating low-temperature phase boundaries by combining the Clausius-
Clapeyron equation with the quasi-harmonic approximation. This methodology requires a minimal number
of calculations, while naturally incorporating internal degrees of freedom and allowing for the inclusion of
quantum and low-order anharmonic effects. We illustrate the accuracy and efficiency of the approach by
constructing the phase diagram of silica in the pressure range from —2 GPa to 12 GPa and temperatures
up to 1750 K. To this end, we employ both density functional theory and a machine-learned interatomic
potential, enabling well-converged free energy estimates and a rigorous comparison between first-principles

and data-driven models.

I. INTRODUCTION

Accurate phase diagrams are essential for understand-
ing the behavior of materials under varying thermody-
namic conditions. The ability to predict phase stability
and phase transformations is therefore a cornerstone of
materials science, with implications ranging from geol-
ogy and planetary science to microelectronics and en-
ergy storage!™®. However, constructing phase diagrams
from first principles is often a numerically intensive task,
in particular when internal degrees of freedoms (DOFs),
such as lattice distortions or molecular orientations, play
a significant role in determining phase stability®7.

Electronic first-principles methods such as density-
functional theory (DFT) have proven powerful for pre-
dicting pressure-induced phase transitions at 0 K by com-
paring enthalpies across structures®. However, at fi-
nite temperatures, comparing Gibbs free energies across
structures over wide ranges of temperatures and pres-
sures can be daunting, as vibrational contributions to
both enthalpy and entropy, including quantum zero-
point motion, need to be evaluated. These contri-
butions are typically evaluated using methods such as
the quasi-harmonic approximation (QHA)? or thermo-
dynamic integration based on molecular dynamics (MD)
simulations!'®11,

Moreover, the presence of soft modes or structural
complexity can make phonon calculations particularly
delicate, further increasing the computational burden.
These challenges are especially pronounced in mate-
rials with complex bonding environments or multiple
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competing polymorphs.  Silica (SiOj3), for example,
exhibits a rich array of pressure- and temperature-
dependent phases, including tridymite, quartz, coesite,
and stishovite, each with distinct structural motifs and
vibrational properties'?. Capturing the correct stability
fields of such phases requires careful treatment of the vi-
brational entropy in addition to static lattice energetics.

In this work, we present a general and efficient frame-
work for calculating low-temperature phase boundaries
by combining a higher-order expansion of the Clausius-
Clapeyron (CC) equation with a few QHA calculations.
Quantum corrections (QC) are included via a perturba-
tive treatment in orders of Planck’s reduced constant h.
This framework significantly reduces the number of re-
quired calculations while naturally incorporating quan-
tum and low-order anharmonic effects, for selected inter-
nal DOFs.

Due to its complex polymorphic landscape and well-
studied pressure-temperature behavior, silica serves as
an ideal test case for demonstrating our method, which
we apply to construct its phase diagram from —2 GPa
to 12GPa and up to 1750K. To this end, we train
a machine-learned interatomic potential (MLIP)314 on
first-principles DFT data using the GPUMD package'?,
and utilize it to perform both the phonon calculations
required for our CC-QHA+QC framework and free en-
ergy integration, which serves as a reference when ana-
lyzing the CC-QHA+4QC results. This approach enables
efficient sampling of the thermodynamic space while re-
taining ab initio-level accuracy through the underlying
training data.

Our results demonstrate the practical advantages of
the CC-QHA+QC framework for efficiently predicting
phase boundaries in materials with complex internal
DOFs, including quantum effects. Crucially in the
present work, the MLIP serves as a reference method that
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is computationally sufficiently efficient to enable a one-
to-one comparison of the CC-QHA+QC approach with
free energy integration. In practice, the CC-QHA+QC
approach is computationally much less demanding than
free energy integration, and naturally admits quantum
corrections. Its computational expediency allows it to be
directly employed with DFT calculations.

1. THEORY

In order to determine the temperature-dependent crit-
ical pressure, P.(T), for the transition between two solid-
state phases, we carry out a second-order Taylor expan-
sion in temperature,
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The first-order derivative can be obtained through the
CC equation,

dP. AS
dT ~ AV’ (2)

where AS = S®) — S and AV = V@ — V) are the
differences in entropy and volume between the two con-
sidered phases, respectively. Differentiating Eq. (2) with
respect to temperature, neglecting explicit temperature
dependence of the entropy in accordance with the prin-
ciples of QHA, yields the second-order derivative
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where we have once again utilized Eq. (2) along with the
definition of the thermal expansion coefficient of phase 1,
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to simplify the expression. Within the QHA framework,
the thermal expansion coefficient can be related to the
volume-derivative of the entropy at 0K as
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where V} is the equilibrium volume, and By is the bulk
modulus at pressure P and temperature 7' = 0K. To
obtain this relation, we expand the equilibrium volume to
first order in temperature around 0K as V(T) = Vp(1 +
aoT), where g is the 0K thermal expansion coefficient,
defined according to Eq. (4). We now use the definition of

pressure as the negative of the derivative of the Helmholtz
free energy with respect to volume to get
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where in the last equality we have utilized the linear tem-
perature dependence of the thermal expansion. Cancel-
ing P on both sides of the equation and solving for «q
yields Eq. (5).

A second-order expansion of the critical pressure in
temperature has now been obtained. To include quan-
tum effects in our calculations, we expand the quantum
mechanical volume to first order in /& about the classical
volume,

Vom = Va + 6V - h+ O(6V?). (6)
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By combining Eq. (6) with the relation Pym = —
the Helmholtz free energy can be expressed as

FClm(qu) = qu (‘/cl + 6V - h)

OFqm oV -h
oV |y_y,

PymdV - h.

~ qu (‘/cl) +

= qu (‘/cl) -

Furthermore, this results in an expression for the Gibbs
free energy that depends solely on the quantum mechan-
ical pressure and classical volume, eliminating any ex-
plicit dependence on the quantum mechanical volume,
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Utilizing that at the phase boundary G m = G ) and
solving for Pyy, we end up with an expression for the
quantum mechanical critical pressure that does not de-
pend on the quantum mechanical volume,
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To apply the CC-QHA+QC framework, i.e., to evalu-
ate Eq. (1), we thus require the following quantities:

I. the critical pressure at zero temperature, P,.(0)

II. the entropy and volume differences between the two
phases to evaluate Eq. (2)



ITI. the derivative of the entropy with respect to volume
and the bulk modulus at the critical pressure to
calculate Eq. (3)

IV. the quantum mechanical free energy difference as a
function of classical volume, to account for quan-
tum effects using Eq. (7).

At low temperatures, within the QHA, the quantum-
corrected free energy can be calculated from harmonic
phonon frequencies as
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and the classical entropy as
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Here, N is the number of atoms and w; is the i-th phonon
mode.

While we use volume as the varying QHA-DOF in this
work, the CC-QHA+QC framework is general and may
be extended to any internal DOFs. This includes, for
example, symmetry-preserving lattice distortions or sub-
lattice relaxations where the free-energy landscape can
be parameterized as a function of such coordinates.

1. METHODS
Construction of the machine-learned potential

To demonstrate the effectiveness of this approach, we
constructed a MLIP model using the neuroevolution po-
tential (NEP) framework!3 15 and the iterative strategy
outlined in Ref. 16 utilizing the GPUMD'# and CALORINE
packages'”. Training structures included both crystalline
and amorphous structures (see Table S1 of the Supple-
mentary Material for details) representing a range of
system sizes and supercell shapes generated via an ac-
tive learning strategy. To this end, MLIP-MD simu-
lations were carried out between 300 and 3200 K and
at pressures ranging from —1 to 20 GPa using the re-
spective most recent generation of the NEP model. We
then randomly selected snapshots from these trajecto-
ries, for which we computed reference energies, forces,
and stresses via DFT. These configurations were subse-
quently included when training the next-generation NEP
model. In total, the training set consisted of 1218 struc-
tures. Structure generation and manipulation were car-
ried out using the ASE'® and HIPHIVE packages'®.

The final NEP model was obtained after 4 iterations
and trained using all available reference data. The root
mean square errors (RMSEs) for energies, forces, and
stresses for this model are 20.1meV /atom, 273 meV /A,
and 1.0 GPa, respectively, with coefficients of determina-
tion of 0.999 92, 0.993, and 0.990, respectively (see Fig. 1a
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FIG. 1. (a) Parity plots comparing energies and forces pre-

dicted by the MLIP model constructed in this work against
DFT reference data. (b) Energy—volume curves computed us-
ing the MLIP model, shown alongside corresponding results
from DFT calculations for validation.

as well as the Supplementary Material for more details
concerning the performance of the model). In addition,
we trained an ensemble model using five folds each com-
prising a randomized selection of 90% of the available
structures (bagging) to estimate the model error via k-
fold cross-validation. The resulting RMSEs are (43 +
13) meV /atom for the energies and (3194 64) meV /A for
the forces. The corresponding average coefficients of de-
termination on the same folds are R? = 0.9995 4 0.0004
and R? = 0.9896 +0.0048 for energies and forces, respec-
tively.

The energy-volume curves (Fig. 1b) as well as the en-
thalpy differences (Fig. S3) for the final model are in
very good agreement with the underlying DFT reference
data. The good performance of the NEP model also
translates to finite temperature properties. This is illus-
trated, for example, by the thermal expansion of quartz
(Fig. 2a), which closely follows experimental data from
Ref. 20. As shown below, the NEP model also predicts
phase boundaries in good agreement with experiment.
We note that this agreement should be attributed to the
r2SCAN exchange-correlation functional®! (see next sec-



tion) used in the DFT calculations that were used to
construct the NEP model.

The MLIP models in a format suitable for the GPUMD
package are available on Zenodo at https://doi.org/
10.5281/zenodo.14925353. The record also includes
the DFT reference data used for its construction in the
form of an ASE sqlite database.

Density functional theory calculations

DFT calculations were performed using the projector
augmented wave method???? as implemented in the Vi-
enna ab-initio simulation package?* 26 with a plane wave
energy cutoff of 520eV and the r2SCAN meta-exchange-
correlation functional?!. The Brillouin zone was sampled
with automatically generated k-point grids with a max-
imum spacing of 0.2/A and Gaussian smearing with a
width of 0.1eV. For the calculation of the forces, a finer
support grid was employed to improve their numerical
accuracy.

Clausius-Clapeyron relation and quasi-harmonic
approximation

To efficiently compute phase boundaries at low tem-
peratures, we combine the CC equation Eq. (2) with
QHA phonon calculations. This approach captures quan-
tum effects and anharmonic corrections while requiring
only a limited set of force calculations (Sect. II). In
contrast to conventional QHA-based phase diagram con-
struction, which requires full free energy surfaces, the
CC-QHA+QC approach reconstructs phase boundaries
from local thermodynamic derivatives, significantly re-
ducing computational cost.

The critical pressure at zero temperature, P.(0), (I.)
was determined by computing the enthalpy as a func-
tion of pressure for each phase and identifying the criti-
cal pressure at which their enthalpy curves intersect (see
Fig. S3 of the Supplementary Material).

To compute the volume and entropy differences (II.),
structures of each phase relaxed at P.(0) were used.
The force constants were determined using the HIPHIVE
package!? and subsequently passed to the PHONOPY
package?”?® to compute the classical entropy of each
phase.

The entropy derivative and bulk modulus (III.) were
evaluated using structures with volumes 0.2% above and
below that of the structures relaxed at P.(0). The en-
tropy derivative was obtained through numerical differ-
entiation as
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FIG. 2. (a) Thermal expansion of quartz at 0 GPa obtained
through MD simulations compared to experimental data from
Ref. 20. (b) Heat capacity of quartz as a function of tempera-
ture at pressures from 0 GPa to 5 GPa. The pronounced peak
in each curve indicates the a-f3-quartz transition temperature.

and the bulk modulus as

dP P(Vo+6V)—P(Vy— o6V
Vo

The classical and quantum mechanical free energy differ-
ences between the phases (IV.) were then calculated us-
ing the same set of force constants in combination with
PHONOPY.

Free energy integration and molecular dynamics

To validate the CC-QHA+QC framework, the phase
diagram was additionally constructed via free energy in-
tegration using MD simulations. To this end, we per-
formed thermodynamic integration using both adiabatic
switching?® and reversible scaling' 3% as implemented in
cPuMD?!. To obtain the second-order transition bound-
ary between a-quartz and [S-quartz standard MD simu-
lations were conducted at various pressures (Fig. 2 and
Fig. S5 in the Supplementary Material). The heat ca-
pacities exhibit a pronounced peak at the a-8-quartz
transition temperature (Fig. 2b), which yields the phase
boundary as a function of pressure.

IV. RESULTS

Figure 3 compares phase diagrams for SiOy obtained
using the CALPHAD approach based on experimental
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FIG. 3. Temperature-pressure phase diagram of SiO2. (a) Phase diagram adapted from experimental data reported in Ref. 12.
(b) Phase diagram predicted using free energy integration based on the NEP model. (c) Phase diagram obtained using the
CC-QHA+QC framework developed in this work. Solid lines indicate first-order phase transitions and dot-dashed lines denote

second-order transitions.

40 |- a) MC-tridymite 4 [ b)a-quartz ]
N e = .
= 30 -  q F 1
>
o
c - -
()
>
o
1 L =
(i

r MK I A LH ALMHK

L d) stishovite |

Frequency (THz)

I /

:(Q\ r Y M ATl T V, T XM I ZRA ZIXRM A
g T T T T T T T T

5 4 e) MC-tridymite coesite .
5 a-quartz stishovite

S 3t -
0

g s
.l " I
« R | 1) | I

— ) ! Y b’ N ' Ml
g ! [\ ar‘m"w‘\\."vw,\ I ) ; ‘\- / M,)‘
= ) \\[7 N W7

2 0 = ] ] 1 Y i —
a 0 5 10 15 20 25 80 35

Frequency (THz)

FIG. 4. Phonon dispersion relations of (a) tridymite, (b)
a-quartz, (c) coesite, and (d) stishovite, along with (e) the
corresponding phonon densities of states for all four struc-
tures.

data'? as well as using the NEP model via free energy
integration and the CC-QHA+QC framework introduced
here, respectively. We first observe that the NEP model
(Fig. 3b) predicts a phase diagram in good agreement
with experiment (Fig. 3a). The low-pressure transition
between tridymite and a-quartz, as well as the high-
pressure transition between coesite and stishovite, are
found to be in near-quantitative agreement. Though,
slight deviations are observed for the transition between
a-quartz and coesite, resulting in a modest overstabi-
lization of the a-quartz and (-quartz phases. As noted
above, the agreement but also the remaining devia-
tions should be attributed to the underlying exchange-
correlation functional. This assessment is supported by
the observation that the MLIP constructed in Ref. 32 us-
ing a different MLIP format and training set, albeit using
the closely related exchange-correlation functional, pre-
dicts a phase diagram that resembles the one obtained
via the NEP model here.

Since the phonon calculations used to predict the phase
diagram within our CC-QHA+QC framework (Fig. 3c)
are based on the NEP model, the phase diagram obtained
via free energy integration (Fig. 3b) serves as a natu-
ral reference for assessing the accuracy of our approach.
This comparison shows that the CC-QHA+QC frame-
work predicts the phase boundaries between tridymite
and a-quartz as well as between a-quartz and coesite
in excellent agreement with the reference phase diagram.
With respect to the stishovite—coesite transition, the CC-
QHA+QC approach, however, yields a boundary with
a somewhat flatter slope. It should be noted that the
boundary between « and [S-quartz marks a continuous
transition that is not numerically accessible from free
energies, and therefore cannot be captured by the CC-
QHA+QC approach.



It is also apparent that the CC-QHA+QC approach
yields a noticeable and consistent improvement compared
to the classical CC relation (dashed lines in Fig. 3c).
This effect is most evident for the a-quartz-coesite and
tridymite-a-quartz boundaries, for the latter of which the
CC relation even yields the wrong slope.

Examining the low-temperature region of the co-
esite-stishovite boundary (Fig. 3c) highlights the im-
portance of incorporating quantum effects within the
CC-QHA+QC framework. When quantum effects are
neglected, the boundary exhibits a finite slope at 0K,
whereas the inclusion of quantum effects correctly leads
to an infinite slope, consistent with the fact that the
quantum mechanical entropies of both phases vanish at
0K, causing the derivative of pressure with respect to
temperature to approach zero as dictated by Eq. (2).

The phonon dispersions (Fig. 4) reveal that stishovite
exhibits significantly fewer low-frequency phonon modes
compared to coesite, indicating a higher vibrational stiff-
ness, which is also visible in the elastic constants (Ta-
ble S5). This stiffer character leads to a smaller vibra-
tional entropy at low temperatures. Consequently, the
larger entropy difference between the two phases leads
to a stronger temperature dependence of the transition
pressure, further highlighting the relevance of quantum
effects in accurately describing this phase boundary.

V. CONCLUSIONS

We have introduced a CC-QHA+QC framework and
demonstrated that it provides an efficient and accurate
method for determining phase boundaries in solid-phase
systems. In particular, we have shown that this ap-
proach captures the thermodynamic behavior of SiOs
polymorphs across a wide range of pressures and tem-
peratures.

Compared to traditional free energy integration meth-
ods based on MD, the CC-QHA+QC framework reduces
the computational cost substantially while yielding com-
parable accuracy. In principle, only six phonon calcula-
tions, one per phase and volume, are required to map
out a two-phase boundary, making the method highly
suitable for large-scale or high-throughput applications
where computational efficiency is critical.

Importantly, the inclusion of quantum vibrational ef-
fects enables the method to correctly reproduce the in-
finite slope of phase boundaries at zero temperature, in
agreement with thermodynamic expectations. This is es-
pecially relevant for systems where the vibrational en-
tropy strongly differs between neighboring phases, influ-
encing the shape and location of the phase boundaries.

Although volume is the only quasi-harmonic DOF con-
sidered in this work, the CC-QHA+QC framework is gen-
eralizable to any number of internal coordinates that can
be treated within the QHA.
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Supplementary Tables

Table S1: Parity statistics for NEP model for energies, forces, and virials. Performance metrics
including the coefficients of determination R? and the root mean square error (RMSE) for energies, forces, and
virials for each structure type in the reference set obtained via the machine-learned interatomic potential of the
neuroevolution potential (NEP) form compared to density functional theory (DFT) calculations. Data shown
are for the model trained against all available reference data. N: Number of data points.

Energy (meV atom™!) Forces (meV A_l) Virial (meV atom™!)
R? RMSE N R? RMSE N R? RMSE N
all 0.99992 20.1 1218 0.9931 273.3 103638 0.9972 107.5 7308
rattled 0.99994 3.4 156 0.9991 153.4 28512 0.9995 32.1 936
dimer 0.99998 11.7 198 0.9982 220.2 5652  0.9996 99.3 1188
mp 0.99943 314 336 0.9138 222.9 36231  0.8607 147.1 2016
SiOs
a-quartz-1 0.99896 13.2 51 0.9934 331.7 5913 0.9970 40.2 306
a-quartz-2 0.99938 11.2 48  0.9942 344.4 5265 0.9979 394 288
MC-tridymite 0.99974 23.4 49 0.9919 353.7 4140 0.9015 262.4 294
coesite 0.99944 10.1 49  0.9942 317.8 8280 0.9979 39.7 294
stishovite 0.99918 9.3 49 0.9907 332.7 3654  0.9960 70.5 294
a-cristobalite 0.99966 17.2 49  0.9934 357.2 7308  0.9949 58.9 294
a-tridymite 0.99890 12.4 47 0.9953 286.7 3852  0.9984 32.7 282
B-quartz-1 0.99997 1.7 39 0.9993 129.8 3321  0.9994 24 234
B-quartz-2 0.99996 2 39  0.9993 129.7 3321  0.9994 24.8 234
[B-cristobalite 0.99517 27.2 23 0.9923 404.8 1602  0.9897 123.7 138
B-tridymite 0.99936 10.5 49 0.9938 323.4 4140  0.9979 50.2 294
keatite 0.98791 1.7 23 - 50.9 2484 0.9977 11.3 138
Si
bc8 0.99755 15.3 36 0.9343 277.2 4104 0.9979 304 216
[B-tin 0.99732 12 34 0.9512 289.7 1878 0.9949 48.4 204
fce 0.95923 22 48  0.9531 211.2 2097  0.9955 45.1 288
lonsdaleite 0.99847 2.3 27 - 95.0 324 0.9981 34 162
simple-hexagonal 0.99865 1.9 24 - - 72 0.9986 26.2 144
diamond 0.99936 9.8 51  0.9812 231.0 4770  0.9961 52.8 306
Sio 0.99996 22 126 0.9876 312.6 15528 0.9993 117.2 756
O, 0.99995 15.1 620 0.9945 300.4 58431 0.9941 105.4 3720
SiO 0.99997 10.7 50 0.9996 253.6 303 0.9996 106.3 300

Table S2: Energy differences for silicon structures from DFT and NEP model. Energies from DFT
and NEP calculations evaluated at the volume that minimizes the energy for each structure. Energies are
reported relative to the lowest-energy structure. Data shown are for the model trained against all available
reference data.

Structure (Si) DFT (meVatom™' ) NEP (meV atom~!)

diamond 0.0 0.0
lonsdaleite 12.9 8.5
bc8 188.7 188.0
S-tin 435.4 435.8
simple-hexagonal 449.7 447.3
fee 748.0 746.5




Table S3: Energy differences for silica structures from DFT and NEP model. Energies from DFT and
NEP calculations evaluated at the volume that minimizes the energy for each structure. Energies are reported
relative to the lowest-energy structure. In the case of quartz, both the left-handed (1) and right-handed (2)
structures are reported. Data shown are for the model trained against all available reference data.

Structure (SiO3) DFT (meVatom™!) NEP (meV atom™1)

a-quartz-1 0.0 0.0
a-quartz-2 0.3 0.0
a-cristobalite 5.5 6.3
MC-tridymite 7.4 4.1
B-quartz-1 7.4 8.4
B-quartz-2 7.4 8.4
keatite 7.8 3.1
a-tridymite 10.9 7.6
coesite 12.6 13.2
[B-tridymite 17.8 18.7
[-cristobalite 19.0 18.5
stishovite 139.1 140.7

Table S4: Elastic stiffness tensors of silicon structures from NEP model. Elastic stiffness tensors of
silicon structures in GPa. Data shown are for the model trained against all available reference data.

Structure c11 Co2 33 23 13 c12 Ca4 Cs5 66
diamond 144.4 144.4 144 .4 76.6 76.6 76.6 46.6 46.6 46.6
lonsdaleite 152.6 152.6 176.1 64.2 64.2 70.0 37.3 37.3 41.3
[-tin 184.5 184.5 152.7 719 719 78.9 19.5 19.5 21.6
bc8 157.2 157.2 157.2 56.3  56.3 56.3 40.7 40.7 40.7
simple-hexagonal 145.1 145.1 327.0 47.6 476 111.1 19.6 19.6 17.0
fce 58.4 58.4 58.4 93.1 93.1 93.1 —32.3 —32.3 —32.3

Table S5: Elastic stiffness tensors of silica structures from NEP model. Elastic stiffness tensors of
silica structures in GPa. Data shown are for the model trained against all available reference data.

Structure c11 Co2 c33 Co3 c13 C12 C44 C55 C66
a-quartz-1 86.1 86.0 99.5 12.6 13.1 7.3 56.5 56.5 39.3
a-quartz-2 86.1 86.0 99.5 12.6 13.1 7.3 56.5 56.5 39.3
[B-quartz-1 200.3 200.3 210.0 131.7 131.7 95.6 -5.0 -5.0 52.4
[B-quartz-2 200.3 200.3 210.0 131.7 131.7 95.6 -5.0 -5.0 52.4
a-cristobalite 31.8 31.8 33.6 -9.9 -9.9 28.7 66.2 66.2 24.6
[B-cristobalite  206.1 206.1 206.1 140.0 140.0 140.0 94.4 94.4 94.4
MC-tridymite 71.2 73.3 83.5 -84 30.6 3.2 29.2 35.7 24.6
B-tridymite 252.2 252.2 278.3 100.3 100.3 136.0 52.9 52.9 58.1
coesite 189.3 247.0 268.2 68.4 92.8 79.5 56.0 74.7 67.0
stishovite 503.9 503.9 921.4 205.3 205.3 400.0 259.5 259.5 490.5
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Fig. S1: Training of NEP model. Evolution of (a) the total loss function £ (blue) and the £, (green)
and Lo norms (orange) of the parameter vector as well as (b) the RMSEs of the energies L, (green), forces L¢
(blue), and virials £, (orange). The total loss function is given by £ = M L1 + AL + AcLe + A Ls + ALy,
where \; are hyperparameters of the optimization procedure. Data shown are for the model trained against all

available reference data.
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the machine-learned interatomic potential of the NEP form constructed in this work using all available reference
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Data shown are for the model trained against all available reference data.
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Fig. S6: Phonon dispersions for silica structures from NEP model. Data shown are for the model
trained against all available reference data.
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trained against all available reference data.
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