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Analytical interatomic potential for modeling nonequilibrium processes
in the W–C–H system
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A reactive interatomic potential based on an analytical bond-order scheme is developed for the
ternary system W–C–H. The model combines Brenner’s hydrocarbon potential with parameter sets
for W–W, W–C, and W–H interactions and is adjusted to materials properties of reference structures
with different local atomic coordinations including tungsten carbide, W–H molecules, as well as H
dissolved in bulk W. The potential has been tested in various scenarios, such as surface, defect, and
melting properties, none of which were considered in the fitting. The intended area of application is
simulations of hydrogen and hydrocarbon interactions with tungsten, which have a crucial role in
fusion reactor plasma-wall interactions. Furthermore, this study shows that the angular-dependent
bond-order scheme can be extended to second nearest-neighbor interactions, which are relevant in
body-centered-cubic metals. Moreover, it provides a possibly general route for modeling metal
carbides. © 2005 American Institute of Physics. �DOI: 10.1063/1.2149492�
I. INTRODUCTION

Tungsten carbide, WC, exhibits extraordinary mechani-
cal and thermal properties, including high strength and low
ductility at high temperatures. For practical applications it is
usually alloyed with softer metals, such as cobalt, which im-
proves ductility while maintaining the high-temperature
strength.1,2 Because of its high wear resistance, WC is widely
used as a coating material in tools, ball mills, extrusion dies,
rollers, and drills. Moreover, it can be used to catalyze oxi-
dation of hydrogen3,4 and may act as a catalyst for boron
nitride nanotube growth.5

A peculiar application of tungsten and tungsten carbide
is its intended use as a wall material in fusion reactors. The
divertor �bottom� region of the first wall of the ITER fusion
reactor is designed to be mostly tungsten, but containing
some carbon layers on those parts subject to the highest heat
load.6 Hence W–C interfaces will be present in the reactor
first wall by default. Furthermore, during the reactor opera-
tion the whole divertor will be subject to intense bombard-
ment by low-energy �1–100 eV� H isotopes, giving rise to
small hydrocarbon molecule erosion as well as H bubble
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formation.7–9 The eroded hydrocarbons are known to drift in
the reactor and form films on other parts of the first wall,
including the W parts.10

For most practical applications, it is decisive to under-
stand and predict the materials properties and performance
under processing and service conditions, such as mechanical
loading or irradiation. Atomic scale simulations, that include
detailed structural information of the material, are the most
attractive tool for understanding such processes. Computer
simulations on large scales �with ensemble sizes in the mul-
timillion atom regime� are, however, only feasible if an ap-
propriate and computationally efficient description of inter-
atomic interactions is available.

Realistic analytical potentials that describe variations of
the local chemical environment have become available over
the last two decades for a number of different materials. Pure
metals and their alloys have been described in different con-
texts by the embedded atom method �EAM� of Daw and
Baskes.11 At the same time a variety of mathematically
equivalent schemes have emerged. Among them, the Finnis-
Sinclair-type potentials12 based on the second-moment ap-
proximation have been widely used for modeling body-
centered-cubic �bcc� metals and their alloys. In case of
transition metals with partially filled d bands, however, an-
gular force terms are needed to correctly describe surface

properties, point defects and structural stabilities. In the par-
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ticular case of tungsten, Moriarty13 and Carlsson14 have re-
ported theoretical models to treat such systems, and an ap-
plication of the fourth moment approximation of the tight
binding scheme was presented by Xu and Adams15 for mod-
eling tungsten surfaces. Recently, Baskes’ modified embed-
ded atom method that includes angular-dependent electron
densities has been extended to a second nearest-neighbor
model by Lee et al. for describing bcc metals.

As it comes to carbide-forming materials, very few in-
teratomic potentials are available for large-scale atomistic
simulations. The only exception is silicon carbide, which has
been extensively studied in the past.16–19 Recently, Li et al.
derived a potential for Zr-C based on an extended second
moment scheme,20 that includes angular dependencies in its
screening decay factor. An alternative approach for modeling
metal carbon interaction in Pt–C was chosen by Albe et al.21

In this study, the authors took advantage of the conceptual
similarities in EAM and bond-order potentials22 and showed
that covalent as well as metallic bonds can be described
within the same formalism including angular terms.

In contrast to metal carbides, there are numerous good
interatomic potentials for hydrocarbons. Since our primary
interests involve phase transitions and bond breaking, we
consider here only models which are fully reactive in the
sense that bonds can break and be highly distorted without
discontinuities in the forces, and in which all atoms of the
same element are treated with a single set of parameters
�contrary to the conventional molecular mechanics
approach23�.

The Tersoff carbon potential24 was extended to describe
both pure carbon and small hydrocarbon molecules in a fully
reactive scheme by Brenner and co-workers.25,26 This ap-
proach has been found to describe at least qualitatively cor-
rectly a wide range of problems, see, e.g., Refs. 27–31. It has
also been extended to include oxygen32 and long-range van
der Waals interactions.33,34 The Brenner potential does not
include explicit treatment of � bonding, however. Instead the
� bonding effects are treated implicitly via the empirically
parametrized “bond conjugation” terms. Pettifor and Oleinik
have shown that an analytical form which includes both �
and � bondings can be derived from a two-center orthogonal
tight-binding electronic structure model,35 and developed a
hydrocarbon model “BOP4” with parameters directly de-
rived from tight-binding calculations.36 Duin et al. have de-
veloped a reactive force field for hydrocarbon systems, with
particular emphasis on treating bond dissociations and reac-
tions between small molecules.37 This model also includes
long-range van der Waals and Coulomb forces.

The purpose of the present work is the construction of a
reactive bond-order potential for the ternary W–C–H system,
which is able to describe the pure components as well as its
binary and ternary compositions. The BOP4 formalism
would, at least in principle, also be suitable for the potential
construction. We chose the Tersoff-Brenner-type form, how-
ever, because for it there are well-established methods for
fitting both molecular and bulk properties for a wide range of
coordinations to all the classes of materials of interest here.
Our strategy is to rely on a well established functional form21
that allows to adopt parameters for carbon and hydrocarbons
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from the original Brenner potential,25 and thus requires de-
riving parameters only for pure tungsten and the binaries
W–C and W–H. We will show that the WCH system can be
well described with this type of bond-order potential, and
that modeling of the bcc structure of tungsten is possible by
a straightforward extension to second next-neighbor interac-
tions.

The approach presented here should also be applicable
for modeling other bcc metals and metal carbides.

II. METHOD

A. Bond-order formalism

The construction of an interatomic potential for the
W–C–H system poses a challenge because of the widely dif-
ferent character of the elements and bonding types involved.
Therefore, one cannot expect any analytical potential to fully
describe all properties of this ternary system with equal ac-
curacy. The bond-order potential scheme adopted in the
present work, however, has been successfully applied to de-
scribe covalent19,25,38,39 and metallic bonding21 in different
contexts. In particular, it has already been successfully ap-
plied to a metal-carbide system.21 It is furthermore advanta-
geous that well tested C–C, H–H, and C–H parameter sets
are already available.25

To carry out the potential construction we use an
ansatz21,38 which allows a systematic fitting with a minimal
set of unknown parameters involved. The following equa-
tions summarize in brief the functional form of the potential.

The total energy is written as a sum over individual bond
energies

�1�

where the pairlike attractive and repulsive terms are taken as
Morse-type pair potentials

VR�r� =
D0

S − 1
exp�− ��2S�r − r0�� ,

VA�r� =
SD0

S − 1
exp�− ��2/S�r − r0�� , �2�

which depend on the dimer bond energy D0, the dimer bond
distance r0, and the adjustable parameter S. The parameter �
can be determined from the ground-state oscillation fre-
quency of the dimer. The interaction is restricted to the next
neighbor sphere by a cutoff-function

fc�r� = �
1, r � R − D ,

1

2
−

1

2
sin��

2
�r − R�/D� , 	R − r	 � D ,

0, r � R + D

 �3�

where D and R are adjustable quantities. The bond-
order parameter bij includes three-body contributions and
angularity

−1/2
bij = �1 + �ij� , �4�
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�ij = �
k��i,j�

f ik
c �rik�gik��ijk��ijk exp�	ijk�rij − rik�� . �5�

Here again the cutoff function is included, while the indices
monitor the type dependence of the parameters, which is of
importance for the description of compounds. The angular
function is given by

g��� = 
�1 +
c2

d2 −
c2

d2 + �h + cos ��2� . �6�

Here 
, c, d, and h are adjustable parameters.
This potential form is functionally equivalent to that

used by Brenner in his hydrocarbon potential,25 except that
the bond conjugation terms have been left out. We empha-
size, however, that in applications where the structure and
chemistry of hydrocarbon molecules is of relevance, one can
and should include these terms.

If the interactions are nearest neighbor only and only one
bond type is involved, the equilibrium bonding distance rb

and the energy/bond Eb are related by the Pauling relation21

Eb=−D0 exp�−��2S�rb−r0��. In this case the relation be-
tween Eb and rb can be conveniently illustrated as a line in a
log-linear “Pauling plot.”

Compared to the previous potentials,19,21,38,39 the term
�ijk and 	ijk in �5� are new. These parameters, which depend
on the types of the atoms in the triplet i− j−k, are necessary
to make Eq. �4� for the bond order compatible to the expres-
sion used in Brenner’s hydrocarbon potential which is given
in Eq. �11� of Ref. 25. The exponential term which appears
in the three-body sum of this expression

exp�	ijk��rij − r0,ij� − �rik − r0,ik��� �7�

can be rewritten as

�8�

By comparison of the previous form19,21,38,39 with Eq. �5� one
recognizes that our previous parameter 2�ik corresponds to
	ijk.

B. Fitting methodology

The underlying principles of the fitting methodology em-
ployed in the present work have been extensively described
elsewhere.21,38 Relevant for this work is the extension to sec-
ond nearest-neighbor interactions, which is described in the
following.

In the bcc structure the first and second nearest-neighbor
distances differ by only 14%. Therefore, in order to avoid a
very steep cutoff function, which deteriorates the quality of
the potential, the cutoff is extended to include the second
nearest neighbors. Due to this modification two different
bond lengths �or equivalently bond types� have to be consid-
ered. The contributions of the two bond types can be sepa-
rated, i.e., the energy of the bcc structure can be written as

Ebcc = 8�V1NN
R − b1NNV1NN

A � + 6�V2NN
R − b2NNV2NN

A � , �9�

where the indices 1NN and 2NN denote first and second

nearest neighbor terms, respectively. It is important to notice
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that the equilibrium condition �dE /dr=0� does not allow one
to unequivocally define a bond energy for contributions from
first and second nearest neighbors.

If the 2� parameter is zero, the two bond-order terms do
not depend on the absolute difference, �r=rik−rik, between
the first and second nearest-neighbor distances, which sim-
plifies fitting considerably �compare Eq. �5��. If 2� is, how-
ever, allowed to assume nonzero values, the summation in
�5� depends exponentially on �r. Therefore, we implemented
the full energy expression in our fitting routine and per-
formed an unconstrained optimization.

Fitting the hexagonal equilibrium structure �Bh� of tung-
sten carbide poses a similar challenge: the cohesive energy
comprises contributions from covalent W–C bonds as well as
from metallic W–W bonds, which is reflected by the fact that
in the equilibrium structure the separation of the tungsten
atoms is shorter than the second nearest-neighbor distance in
bcc tungsten. This observation has two consequences: �1�
since W–W interactions are present in all tungsten carbide
structures, the concept of a Pauling plot cannot be applied
anymore; �2� the W–W interactions must be included when
fitting the W–C parameter set. In principle it is possible to fit
the W–W and W–C parameter sets simultaneously. In prac-
tice, however, it has turned out advantageous to fit the W–W
parameter set first, and to adjust the W–C interaction subse-
quently with the W–W parameter set held fixed.

The parameters which we derived for the W–W, W–C,
and W–H interactions are given in Table I. The table also
shows the C–C, C–H, and H–H interaction parameters due to
Brenner25 but rewritten to comply with the format of the
equations in Sec. II A. Brenner’s C–C parameter set is opti-
mized with respect to molecular properties. As an alternative,
we have recently derived a C–C parameter set which is com-
patible with the present formalism;19 compared to the Bren-
ner parameter set it provides a better description of the bulk
phases of carbon and, in particular, reproduces the elastic
properties of diamond. Thus, depending on the intended ap-
plication, one or the other C–C parameter set is to be pre-
ferred. In the following, we only consider Brenner’s param-
eter set as given in Table I.

III. TOTAL ENERGY CALCULATIONS

Extensive experimental data is available for the equilib-
rium structures of tungsten and tungsten carbide. In our fit-
ting approach it is, however, crucial to include a variety of
differently coordinated structures in order to establish the
transferability of the potential. Therefore, the experimental
data needs to be complemented with results from ab initio
calculations. While some of the required information could
be obtained from literature, in some cases where data was
incomplete or entirely absent we had to perform calculations
of our own.

For tungsten we studied the dimer as well as the dia-
mond �Strukturbericht symbol A4�, simple cubic �Ah�, body-
centered-cubic �A2�, and face-centered-cubic �A1� structures.
In case of tungsten carbide, we considered the structures of
sodium chloride �B1�, cesium chloride �B2�, zincblende

�B3�, wurtzite �B4� and hexagonal tungsten carbide �Bh� as
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well as the dimer and the trigonal ground-state structure of
di-tungsten carbide �space group P3m1�. Finally, for the
tungsten-hydrogen system molecules of the composition
WHn with n=1, 2, 3, 4, and 6 were investigated.

For tungsten and tungsten carbide we performed density-
functional theory �DFT� calculations using the plane-wave
pseudopotential approach as implemented in the CASTEP

code.40,41 The calculations employed the spin-polarized gen-
eralized gradient approximation as parametrized by Becke42

and Perdew and Wang,43 �GGS-PW91� and Troullier-Martins
norm-conserving pseudopotentials.44 We used basis set cut-
off energies of 460 eV for pure tungsten and of 750 eV for
the tungsten carbide phases. A Brillouin zone k-point spacing
of 0.04 and the finite basis set correction40 was found to
converge the bcc phase calculations to better than
0.004 eV/atom. We did not perform simulations with a
higher accuracy because this level was sufficient for estimat-
ing the energy difference between the phases and calculating
the system geometry. For the dimer we used a k-point spac-
ing of 0.015.

For the study of the tungsten-hydrogen molecules we
used the GAUSSIAN 98 code,45 applying the BPW91
method42,43 with the 6-311+ +G�d,p� basis for the hydrogen
atoms and SDD basis for the tungsten atoms in accordance
with calculations by Wang and Andrews.46

IV. TUNGSTEN

A. Dimer and bulk properties

The fitting database for tungsten comprised experimental
and first-principles data for the dimer properties, the cohe-
sive energies, and structural parameters of the diamond,
simple-cubic, face-centered-cubic, and body-centered-cubic
structures, as well as the elastic constants of the ground-state
bcc structure. In Table II the cohesive energies, lattice pa-
rameters, and elastic constants as obtained from the bond-
order potential �BOP� are shown together with data from
experiment and first-principles calculations. It also comprises
data obtained with the analytical potential of Finnis and
Sinclair47 �FS� including the modifications by Ackland and
Thetford48 and the modified embedded atom method

49

TABLE I. Parameter sets for the W–C–H system. The parameter sets for W–
for C–C, C–H, and H–H due to Brenner �Ref. 25� have been rewritten to co
	WWW=	WCW=	WHW=0.458 76 and 	=4.0 for all hydrocarbons, excep
=4.544 15, �HCH=0.220 06 and all other �=1.0.

Parameter W–W W–C W–H

D0 �eV� 5.418 61 6.64 2.748
r0 �Å� 2.340 95 1.905 47 1.727
� �Å−1� 1.385 28 1.803 70 1.523 28
S 1.927 08 2.961 49 1.248 9

 1.882 2710−3 7.285 510−2 5.410−3

c 2.149 69 1.103 04 1.788
d 0.171 26 0.330 18 0.825 5
h −0.277 80 0.751 07 0.389 12
R �Å� 3.50 2.80 2.15
D �Å� 0.30 0.20 0.20
�MEAM� potential with second nearest-neighbor extension.
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The BOP shows the best overall agreement with the refer-
ence data. The FS potential is of comparable quality for the
bulk phases, but shows unrealistic dimer properties com-
pared to experiment.

If only first nearest neighbors were included, the BOP
would fulfill the Pauling relation exactly as indicated by the
dashed line in the upper panel of Fig. 1. In that case, the data
points for the simple-cubic and bcc phases obviously deviate
quite significantly. However, by including the second
nearest-neighbor shells of these structures it is possible to
capture the observed upward bending �Fig. 1�. This modifi-
cation guarantees the good agreement of the BOP with the
reference data.

The lower panel of Fig. 1 provides a graphical compari-
son of the performance of the different potentials. It under-
lines the good agreement of the BOP and the FS potential
with the reference data and shows the MEAM potential to
underestimate the cohesion in lower-coordinated structures
such as diamond and simple cubic.

B. Thermal and point-defect properties

In order to determine the melting point of tungsten at
ambient pressure, we performed molecular-dynamics simula-
tions of a solid-liquid interface.50 The simulation cell com-
prised 2960 atoms, temperature and pressure was controlled
using the Berendsen thermostat and barostat,51 and the
samples were equilibrated for up to 0.5 ns. For temperatures
above 2800 K complete melting is observed, while for tem-
peratures below 2700 K the crystalline phase grows, leading
to an estimate for the melting point of 2750±50 K.

From the temperature dependence of potential energy
and cell volume, we determined the enthalpy of fusion at the
melting point, the density change upon melting and an esti-
mate for the coefficient of linear thermal expansion. The re-
sults of this analysis are included in Table III revealing ac-
ceptable agreement with experiment.

Table III also summarizes the formation enthalpies and
volumes for the vacancy and the interstitial in tungsten as
calculated using the BOP and compares them to data from
experiment and other analytical potentials. The vacancy for-
mation enthalpy is clearly too low compared to experiments.

–C, and W–H have been developed in the present work. The parameter sets
with the functional form used in this work. The nonzero values for 	ijk are

CC=0. The values for �ijk are �CCH=0.339 46, �CHC=2.945 86, �HHC

C–C H–C C–H H–H

6.0 3.64 2 3.642 2 4.750 9
1.39 1.119 9 1.119 9 0.741 44
2.1 1.958 3 1.958 3 1.943 6
1.22 1.690 77 1.690 77 2.343 2
2.081310−4 12.33 2.081 310−4 12.33

330.0 0.0 330.0 0.0
3.5 1.0 3.5 1.0
1.0 1.0 1.0 1.0
1.85 1.55 1.55 1.40
0.15 0.25 0.25 0.30
W, W
mply
t 	C
Within the present scheme, this deficiency is closely related
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to the cohesive energy and the elastic properties and, there-
fore, cannot be corrected without sacrificing other important
properties. The observed interstitial configuration is the �110�
dumbbell in agreement with other analytical potentials.

C. Surfaces

Surface energies and changes in interlayer spacing were
calculated for the �100�, �110�, and �211� surfaces of bcc
tungsten, which have been extensively studied experimen-
tally and theoretically.15,52–55 First we examined whether sur-
face reconstruction occurs on these surfaces by performing
high-temperature �300–2000 K� annealing and subsequent
cooling. For the �100� surface we also manually generated
the experimentally observed �2�2R45° reconstruction and
relaxed it. In this reconstruction the top layer atoms are
shifted by about 0.237 Å forming a zigzag pattern.15 We

TABLE II. Comparison of properties of the dimer an
tungsten as obtained from experiment, density-funct
potential, a modified embedded atom method �MEAM
the present study. Ec: cohesive energy �eV/atom�; �E
�eV/atom�; r0: dimer bond length �Å�; a: lattice param
of bulk modulus; cij: elastic constants �GPa�.

Expt.

DFT

Ref. 77 This wo

Dimer
Ec −2.5±2.5b −2.05
r0 �2.2b 1.95
� 3.37c

Diamond �Fd3̄m, no. 227, A4�
�E 2.32
a 5.86

Simple cubic �Pm3̄m, no. 221, Ah�
�E 1.21
a 2.66

Face-centered cubic �Fm3̄m, no. 225, A1�
�E 0.200d 0.369 0.46
a 3.960 4.08

Body-centered cubic �Im3̄m, no. 229, A2�
Ec –8.890 −7.40
a 3.165e 3.160 3.22
B 310,efg 313h 320
B� 4.5i 4.20j

c11 522,e 523,f 531h 522
c12 204,e 203,f 204h 204
c44 161,e 160,f 163h 149

aData calculated as part of the present work.
bReference 78.
cReference 79.
d
CALPHAD data as cited in Ref. 49.

eReference 80, measured at room temperature.
fReference 81, averaged values.
gB= �c11+2c12� /3.
hReference 82, measured at 77 K.
iReference 83, measured at room temperature.
jReference 49, DFT-GGA, us-PP.
found that in our model the �100� surface does not recon-
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struct laterally, while on the �211� surface the top atom rows
are shifted laterally by �a12=−0.08 Å in the �111� direction,
in excellent agreement with the experimental values of −0.10
�Ref. 54� and −0.09 Å.53 The lattice plane relaxations and
surface energy are compiled in Table III for those cases
where experimental data is available. The structural param-
eters compare well with experiment, while the surface en-
ergy is about a factor of two too small.

D. Phonon dispersion

As a final test we derived the phonon dispersion for bcc
tungsten by diagonalization of the dynamical matrix at dif-
ferent k points.56 The result is shown in Fig. 2 together with
data points from experiment.57 The phonon frequency at the
H point is somewhat overestimated, but otherwise the agree-
ment with experiment is excellent, including the splitting of

rious existing as well as hypothetical bulk phases of
theory �DFT� calculations, the Finnis-Sinclair �FS�

ential, and the bond-order potential �BOP� derived in
rgy difference with respect to ground-state structure
�Å�; B: bulk modulus �GPa�; B�: pressure derivative

Analytical potentials

FSa �Ref. 47� MEAM �Ref. 49� BOP

−3.10 −2.71
2.52 2.34

248

3.109 3.70 3.109
5.868 5.659 5.940

1.501 2.61 1.614
2.689 2.628 2.671

0.145 0.263 0.346
3.927 4.013 4.005

−8.89 −8.66 −8.89
3.165 3.164 3.165

301 314 308
4.79 4.9

512 533 542
196 205 191
170 163 162
d va
ional
� pot
: ene
eter

rk

8
8

7
3

3
4

6
2

the transverse phonon branches at the N point.
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V. TUNGSTEN CARBIDE

A. Dimer and bulk properties

The ground state of tungsten carbide is a hexagonal

structure with space-group symmetry P6̄m2. It can be visu-
alized as a hexagonal-closed-packed lattice with layers of
alternating atom types along the c axis.58 The fitting database
comprised the cohesive energy and the lattice parameters of
the ground-state structure, along with the full set of elastic
constants. It also included the dimer energy as well the co-
hesive energies and lattice parameters of several stoichio-
metric, hypothetical structures. The resulting properties are
compiled in Table IV which shows a very good agreement
between the reference data and the BOP.59 The excellent de-
scription of the coordination dependence of energy and vol-
ume is further illustrated in Fig. 3 which shows the energy-
volume curves as obtained from the BOP in comparison with
data from DFT calculations.

As a test of the potential, we determined the properties
of the rhombohedral W2C phase which has space group sym-
metry P3m1.60 The BOP successfully reproduces the sym-
metry of the structure with lattice constants of a=2.984 Å
and c=5.037 Å �at 0 K� in good agreement with the values
calculated via DFT, having a=3.127 Å and c=4.741 Å �at
0 K�, and experimental values of a=3.001 Å and c

FIG. 1. Dependence between the cohesive energy normalized by the coor-
dination number on the nearest-neighbor distance. If only nearest neighbors
were considered the regular Pauling plot would be obtained which predicts
a logarithmic dependence between bond energy and length as indicated by
the dashed line in the upper panel. The cohesive energies and bond lengths
obtained from density-functional theory �DFT� calculations are shifted and
rescaled, respectively, such that the data for the ground-state structure re-
produces the experimental values. The lower panel compares three different
potentials with respect to their ability to reproduce the reference data.
=4.774 Å. The DFT calculation yields a cohesive energy of
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Ec=−7.27 eV/atom. It is well known that the cohesive ener-
gies obtained via DFT calculations are subject to systematic
errors, while the energy differences are typically reliable.
This trend is also observed for the other structures consid-
ered in this study. In order to correct for this deficiency, as a

TABLE III. Comparison of thermal, point-defect, and surface properties as
obtained from experiment, density-functional theory �DFT� calculations, a
modified embedded atom method �MEAM� potential �Ref. 49�, and the
bond-order potential �BOP� derived in the present study. Tm: melting point
�K�: �Hf: enthalpy of fusion at the melting point �kJ/mole�; �V /Vs: volume
change upon melting �%� �l: density of the liquid at the melting point
�g/cm3�; 	: coefficient of linear thermal expansion �10−6 /K�; Hv

f , Hi
f: va-

cancy and interstitial formation enthalpies �eV�; �Vv, �Vi: vacancy and
interstitial formation volumes in units of the atomic volume; 
�100�: surface
energy for �100� surface �J /m2�; �ij

�hkl�: spacing between layers i and j of
�hkl� surface �%�; �a12

�211�: lateral shift between first and second layers for
the �211� surface reconstruction �Å�.

Expt.

Analytical potentials

MEAM BOP

Tm 3695a 4600 2750±50
�Hf 52.3a 33.0 27.4
�V /Vs 3.2 4.3
�l 17.0a 17.1
	L 4.5b 6.6
Hv

f 3.6±0.2c 3.95 1.68
�Vv −0.32
Hi

f 8.98 8.31
�Vi 1.95


�100� 3.220d 1.446

�12
�100� −4−−8d −8.4

�23
�100� +0.5±0.5d −0.9

�12
�110� −3.1±0.6e −3.9

�23
�110� 0.0±0.6e +0.1

�34
�110� 0.0±1.0e 0.0

�12
�211� −12.4,f−9.3g −12.0

�a12
�211� −0.09,f−0.10g −0.08

aReference 80.
bReference 60.
cReference 84.
dReference 15.
eReference 52.
fReference 53.
gReference 54.

FIG. 2. Phonon dispersion curves obtained using the BOP derived in this

work. Experimental data points are indicated by black dots �Ref. 57�.
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first approximation one can interpolate between the offsets
obtained for W, WC, and C obtained with the same DFT
method, which gives Ec=−8.43 eV/atom. This value can be

TABLE IV. Comparison of properties of the dimer and several existing and
hypothetical bulk structures of tungsten-carbide as obtained from experi-
ment, ab initio calculations, density-functional theory �DFT� calculations,
and from the bond-order potential developed in this work �BOP�. Symbols
as in Table II unless otherwise noted. Ec: cohesive energy per formula unit
�eV/f.u.�; �E: energy difference with respect to ground-state structure
�eV/f.u.�; c /a: axial ratio of hexagonal tungsten carbide; V: volume
�Å3/f.u.�; 	L

a,c: coefficient of linear thermal expansion along the a and c axes
�10−6 /K�.

Expt. Ab initio DFT BOP

Diamer
Ec −6.14a −4.73,−6.64b −6.64
r0 1.713 1.759a 1.75 1.905
� 983c 928a 1021

Zinc blend �F4̄3m, no. 216, B3�
�E 1.87 2.12
a 4.801 4.679
B 246 511

Wurtzite �P63mc, no. 186, B4�
�E 1.83 1.01
a 3.184 2.828
c /a 1.928 1.822

Rocksalt �Fm3̄m, no. 225, B1�
�E 0.95 0.98
a 4.482 4.380
B 346 405

Cesium chloride �Pm3̄m, no. 221, B2�
�E 2.32 2.32
a 2.779 2.704
B 350 411

Tungsten carbide �P6̄m2, no. 187, Bh�
Ec −16.68d −15.01 −16.68
a 2.907e 2.979 2.917
c /a 0.97e 0.975 0.964
V 20.74 22.32 20.72
B 44.3f 368 443
B� 4.2 5.1
c11 720g 651 710
c33 972g 887 896
c12 254g 183 224
c13 267g 189 305
c44 328g 267
c66 233g 234 243

Tm 3049h,3143e 3050±50
�Hm 123
�V /Vs 16.4
�l 12.9
	L

	 5.2e 5.0
	L

c 7.3e 5.2

aReference 85.
bShifted such that Bh ground-state structure agrees with experiment.
cReference 86.
dReference 80.
eReference 60.
fB= 2

9
�c11+c12+2c13+ 1

2c33�.
gReference 87.
hReference 61.
used for benchmarking the BOP; the latter predicts a cohe-
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sive energy of Ec=−8.00 eV/atom in very good agreement
with the interpolated value. The good agreement of the struc-
tural parameters as well as the cohesive energy shows the
ability of the BOP to describe structures which are quite
different from the ones considered during fitting.

B. Thermal properties

In order to assess the thermodynamic properties of tung-
sten carbide we adopted the same approach as in Sec. V B. In
this case the simulation cell contained 3240 atoms and was
equilibrated for up to 0.5 ns. From these simulations we ob-
tained an estimate for the melting point of 3050±50 K which
agrees very well with the experimental value of 3049 K.61

In addition, we performed molecular-dynamics simula-
tions of the isolated phases. Crystalline as well as molten
cells containing 784 and 1620 atoms, respectively, were
equilibrated for up to 0.2 ns at temperatures between 100 and
3500 K �crystalline phase� and 2500 and 4500 K �molten
phase�. From these runs a number of thermal properties were
determined which are compiled in Table IV. Overall the
agreement with the reference data is good.

C. Point defects

Only limited information is available on point defects in
hexagonal tungsten carbide. Rempel et al. performed posi-
tron annihilation spectroscopy experiments.62 While they
identified tungsten as well as carbon vacancies, they found
the latter to be formed preferentially.

We calculated the formation enthalpies and volumes for
several point-defect configurations in tungsten carbide using
the thermodynamics formalism due to Quiang et al.63

adapted for point defects by Zhang and Northrup.64 In the
following formation enthalpies are reported for an average
chemical potential ���=0 in Eq. �2� of Ref. 64�. The BOP
gives formation enthalpies of 3.4 and 0.7 eV for the tungsten
and carbon vacancies, respectively; the carbon interstitial has
a formation enthalpy of 2.7 eV and the tungsten interstitial is

FIG. 3. Energy-volume curves at 0 K as obtained with the bond-order po-
tential �BOP� in comparison with data from density-functional theory �DFT�
calculations. The cohesive energies and lattice constants calculated via DFT
have been shifted and scaled, respectively, to comply with the experimental
data for the ground-state �Bh� structure.
energetically highly unfavorable with a formation enthalpy
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of 12.3 eV. Thereby, the BOP correctly reproduces the ex-
perimental observation that carbon vacancies are energeti-
cally more favorable than tungsten vacancies. Within our
model the formation of a carbon vacancy required the break-
age of six W–C bonds; in order to form a tungsten vacancy
also eight metallic W–W bonds need to be broken, which
readily explains the extent of the observed asymmetry in the
formation enthalpies.

For both interstitials the BOP predicts ground states in
which the surplus atom is located in the carbon plane in one
of the channels along the �0001� axis as illustrated for the
carbon interstitial in Fig. 4. The lattice relaxation in the vi-
cinity of the defect is comparable in both cases.

D. Surfaces

Surface energies were calculated for the relaxed but un-

reconstructed �0001�, �11̄00�, and �21̄1̄0� faces. For the
�0001� surface carbon as well as tungsten termination was

considered, and for the �11̄00� surface we considered the two
types of termination described in Ref. 65. The method em-
ployed to evaluate the surface energies is explained in Ap-
pendix A. The resulting values together with the interlayer
relaxation are given in Table V and compared with data from
DFT calculations. The agreement of the structural parameters
is good, and although the surface energies are consistently
underestimated, their ordering is correctly reproduced.
Analogous to the case of the vacancies the asymmetry be-
tween the C and W terminated surfaces is captured by the
BOP in a physically correct manner, since it takes into ac-
count the contributions of the covalent W–C bonds as well as
the contributions of the metallic W–W bonds.

VI. TUNGSTEN HYDROGEN

Tungsten does not form a bulk hydride, but hydrogen is
endothermally soluble in W with an enthalpy of solution of
1.04±0.17 eV �Ref. 66�. Furthermore, several tungsten-
hydrogen molecules have been experimentally observed, and
their properties have been studied with Hartree-Fock
methods.46,67–71 However, except for the dimer these are only
weakly bound. Hence we chose to fit our potential to the
WHn �n�4� molecules with emphasis on the dimer. After
the systematic fitting we manually adjusted the parameters S,

FIG. 4. Carbon interstitial configuration in hexagonal tungsten carbide

viewed along the �a� �0001� and �b� �21̄1̄0� directions.

 as well as the cutoff range to get the solubility energy of H
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in bulk W approximately right, while ensuring that the H
impurities occupy tetrahedral interstitial sites as observed
experimentally.72

The properties of various small molecules as obtained
using the BOP are compared in Table VI with ab initio data
revealing good overall agreement. The ground-state oscilla-
tion frequencies agree well with experimental data.46 No ef-
fort was made to describe the true ground-state structure of
WH6 due its complex structure and several alternative geom-
etries very close in energy.46,70,71 The BOP gives a ground
state with D3h symmetry, the cohesive energy and bond
lengths of which are very similar to the results of quantum-
mechanical calculations.

As an additional test, we considered the reconstruction
of the hydrogenated �110� surface of tungsten ��11�-H
W�110� surface� described in Ref. 52. The structural param-

TABLE V. Surface energies and relaxations of unreconstructed WC surfaces
as calculated with the bond-order potential �BOP� developed in this work in
comparison with data from density-functional theory �DFT� calculations
�Refs. 65 and 73�. For nonstoichiometric surfaces the surface energy is
given for an intermediate chemical potential ���=0 in Eq. �A1��. Symbols
as in Table III.

DFT BOP

�0001�-C surface

s 6.0 6.05
�12 −22.5 −10.4
�23 +5.6 −0.5
�34 −2.1 +0.4
�45 +0.7 +0.1

�0001�-W surface

s 3.6 2.90
�12 −4.2 −3.8
�23 +2.1 +1.5
�34 0.0 +0.3
�45 +0.7 +0.3

�11̄00�-C type I surface

s 4.6 2.87,a3.01b

�12 �−20 −15.4
�23

c −0.7

�11̄00�-W type I surface

s 2.7 1.72,a1.58b

�12
c −4.7

�11̄00�-C type II surface

s 8.7 6.47,a6.79b

�12 �−20 −10.3
�23

c −1.1

�11̄00�-W type II surface

s 5.2 3.87,a3.56b

�21̄1̄0� surface

s 2.79
�12 −5.4

a	=1.67 where 	 is the ratio of the surface energies of C and W terminated

�11̄00� surfaces �see Appendix A�.
b	=1.91.
cIn Ref. 65 all relaxations except for the first interplanar spacing ��12� of C
terminated surfaces were found to be at least one order of magnitude smaller
than the latter.
eters of this reconstruction are summarized and compared to
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data from experiment and DFT calculations in Table VII. The
overall agreement is good and our model successfully repro-
duces the fundamental features of the reconstruction.

Finally, we also derived the diffusivity of H in W. To this

TABLE VI. Comparison of properties of several WHn molecules as ob-
tained from ab initio calculations, experiments, density-functional theory
�DFT� calculations, and the bond-order potential �BOP� developed in the
present work. Ec: cohesive energy �eV/atom�; r0, r0�: bond lengths �Å�; �, ��:
H–W–H bond angles �deg�; �: ground-state oscillation frequency of W–H
bond �cm−1�.

Ab initio
Expt.

Ref. 46

DFT

BOPRef. 46 This work

WH
Ec −1.345a −1.374 −1.374
r0 1.727a 1.727 1.715 1.714 1.727
� 1897a 1860 1915 1860

WH2 �C2�
Ec −1.851 −1.820
r0 1.73b 1.717 1.717 1.730
� 117.2b 112.9 112.9 112.9
� 1832 1928 1852

WH3 �C3v�
Ec −2.112 −2.033
r0 1.689c 1.716 1.716 1.733
� 112.8c 112.8 112.6 112.9
� 1895 1946 1846

WH4 �Td�
Ec −1.937 −2.154
r0 1.712 1.715 1.736
� 109.5 109.5 109.5
� 1921 1983 1840

WH6 �C3v, BOP: D3h�
Ec −2.417 −2.220
r0 1.728d 1.715 1.715 1.754
r0� 1.656d 1.674 1.674
� 116.1d 114.7 114.7 98.5
�� 61.2d 62.4 62.4

aReference 67.
bReference 68.
cReference 69.
dReference 71.

TABLE VII. Comparison of structural parameters of the reconstructed �1
1�-H W�110� surface as obtained from experiment, density-functional
theory �DFT� calculations �both from Ref. 52�, and using the bond-order
potential �BOP�. Symbols as in Table III unless otherwise noted. dH: sepa-
ration between hydrogen top layer and the first tungsten layer �Å�; yH:
lateral relaxation of hydrogen atoms �Å�; y1: lateral relaxation of first tung-
sten layer �Å�. Consult Ref. 52 for the exact definitions of the parameters.

Expt. DFT BOP

�12 −1.7±0.6 −1.4 −3.2
�23 0.0±0.9 −0.3 +0.1
�34 0.0±0.9 −0.1 0.0
y1 0.0±0.1 0.0 0.0
dH 1.20±0.25 1.09 1.05
yH 0.56±0.36 0.67 0.20
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end, molecular-dynamics simulations were carried out. The
simulation box was approximately cubic with a side length
of about 38 Å and contained a single hydrogen atom equiva-
lent to a concentration of 0.03%. The temperature of the
system was varied between 1000 and 3000 K using the Be-
rendsen thermostat and the Berendsen barostat was em-
ployed to maintain a pressure of about 0 kbar. The results of
the simulations are plotted in Fig. 5. The data points can be
fitted by an Arrhenius law �D=D0 exp�−EA /kBT�� with D0

= �3.1±0.6�10−8 m s−2 and EA=0.34±0.03 eV. The result
of the Arrhenius fit is also shown in Fig. 5 together with the
fit to experimental data by Frauenfelder66 �D0=4.1−2.0

+5.0

10−7 m s−2, EA=0.39±0.09 eV�. Thus the activation en-
ergy for migration obtained with our model compares very
well with experiment; the prefactor deviates from the experi-
mental value, but the agreement is still fair considering the
large uncertainty in the experimental data.

VII. CONCLUSIONS

The well established bond-order potential �BOP� scheme
has been extended to include second neighbors interactions
for pure elements �W� as well as compounds �WC�. Thereby
it is possible �1� to capture the deviation from the Pauling
relation observed for the simple and body-centered-cubic
�bcc� structures of tungsten, and �2� to include realistically
the contributions of covalent �W–C� as well as metallic
�W–W� bonds in tungsten carbide.

The extended BOP scheme has been applied to develop
potentials for the W–C–H system. The W potential provides
a good description of the coordination dependence of struc-
tural parameters and cohesive energies. Thermal, point de-
fects as well as surface properties are reasonably described.
Overall, the performance of the W bond-order potential is
comparable to Finnis-Sinclair47,48 and modified embedded
atom method potentials.49

The structural and elastic properties obtained with the
WC potential compare well with experiment and density-
functional theory calculations. It also yields reasonable
agreement with the available reference data for thermal and

FIG. 5. Diffusion data and Arrhenius fit obtained from molecular-dynamics
simulations using the BOP developed in the present work in comparison
with Arrhenius fit to experimental data �Ref. 66�. The shaded area indicates
the uncertainty region for the experimentally obtained diffusion parameters.
point-defects properties. It has been, furthermore, shown to
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be capable of reproducing energies and relaxation of several
unreconstructed surfaces. The W–H potential correctly de-
scribes the solubility of H in bcc W and yields good agree-
ment with experimental data on diffusion. It also success-
fully reproduces the energetics and structures of small WHn

molecules. For the C–C, C–H, and H–H interactions, the
well tested parameterizations due to Brenner25 is used. It has
been rewritten to comply with the functional form employed
in present work which should considerably simplify imple-
mentation of the BOP into existing Tersoff routines. Alterna-
tively, the C–C parameter set of Ref. 19 can be employed
which is advantageous if the bulk properties of carbon are of
interest.

The potentials developed in the present work provide a
realistic description of the material over a wide range of
coordinations. They are expected to be applicable for simu-
lations of a variety of processes and phenomena in the
W–C–H system involving bulk material as well as surfaces.
In particular, they are suitable for modeling surface erosion
at WC surfaces which is of interest in the context of the
deterioration and decomposition of W and WC parts in cur-
rent and future fusion reactors. Work in these directions is
currently under way. Repulsive potentials required to realis-
tically describe the close ion-ion encounters during high-
energy collisions are provided in the appendix.
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APPENDIX A: CALCULATION OF SURFACE
ENERGIES

The surface energies of nonstoichiometric surfaces de-
pend on the chemical potential according to63


s = Eslab −
1

2
�nW + nC��WC

bulk −
1

2
�nW − nC�

��W
bulk − �C

bulk� −
1

2
�nW − nC����� 2A , �A1�

where Eslab is the total energy of the surface slab, nW and nC

are the numbers of tungsten and carbon atoms, respectively,
A is the cross-sectional area, and �i

bulk denotes the chemical
potential of phase i in its respective standard state. The varia-
tion of the surface energy with chemical potential is ex-
pressed by the last term which is subject to the constraint
�Hf

WC����−�Hf
W2C where �Hf

i is the formation enthalpy
of phase i �Ref. 73�. Using Eq. �A1� one can directly calcu-

late the surface energies for the �0001� and �21̄1̄0� surfaces.

The situation is more involved for the �11̄00� surface for

which each termination �C, W� can occur in two different
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types as discussed in Ref. 65. Therefore, in any slab geom-
etry two different surfaces are present. If stoichiometry is

required, the possible combinations are �11̄00�-C-I+ �11̄00�
-W-I �setup A� and �11̄00�-C-II+ �11̄00�-W-II �setup B�. The
authors of Ref. 65 used these two setups to compute the sums
of the respective surface energies. They then separated the
individual contributions by assuming the ratio 	 between the
surface energies of the carbon- and tungsten-terminated sur-
faces to be the same as for the �0001� surfaces for which they
took the data from Ref. 73 assuming ��=0. In the following
we demonstrate that within the same approximation by using
one additional geometry one can derive the ratio 	 from

calculations for �11̄00� surfaces only.
In addition to the two geometries mentioned above one

can construct nonstoichiometric slabs with pure C or W ter-
minations for which one side of the slab is of type I �setup C�
and the other one of type II �setup D�. Using �A1� one can
again compute the respective surface energies. Thus, we ob-
tain four different sums of surface energies the relation be-
tween which can be expressed by a set of linear equations

�
1 1 0 0

0 0 1 1

1 0 1 0

0 1 0 1
� ·�


s
�11̄00�−C−I


s
�11̄00�−W−I


s
�11̄00�−C−II


s
�11̄00�−W−II

� =�

A


B


C


D

� , �A2�

where 
s
i denotes the surface energy of surface i and 
 j the

sum of surface energies obtained for setup j. Since this set of
equations is linearly dependent one additional constraint is
required. �One can also exploit the relation between the sums
to check the fidelity of a set of calculations since 
A+
B

=
C+
D�. Following the discussion above one can assume


s
�11̄00�-C-I /
s

�11̄00�-W-I�
s
�11̄00�-C-II /
s

�11̄00�-W-II�	. Then Eq.
�A2� can be easily solved yielding an expression for 	 in
terms of 
A, 
B, and 
C,

	 =

C


A + 
B + 
C
,

and the individual surface energies can be computed from
the following relations:


s
�11̄00�−C−I = 
C/�1 + 
B/
A� ,


s
�11̄00�−W−I = 
s

�11̄00�−C−I/	 ,


s
�11̄00�−C−II = 
C/�1 + 
A/
B� ,


s
�11̄00�−W−II = 
s

�11̄00�−C−II/	 .

Using the values for 
i calculated with the BOP and setting
��=0 we obtain a ratio of 	=1.91 to be compared with a
value of 	=1.67 derived from the data in Ref. 73 and a value
of 	=2.09 obtained from the BOP data for the �0001� sur-
face. In Table V the surface energies are given for 	=1.67
and 	=1.91 which shows the small difference to be suffi-

cient to change the energetic ordering of the surfaces. �For
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	=2.09 the values vary slightly from the case 	=1.91 but
the energetic ordering remains unaltered.�

In summary, we have shown that one can obtain a con-

sistent set of individual surface energies for the �11̄00� face
without invoking data for surfaces of a different orientation.
The results indicate that the energetic ordering of the various
surfaces can depend quite sensitively on the ratio 	.

APPENDIX B: MODIFICATION OF THE REPULSIVE
POTENTIAL

To this end, we first derive an accurate repulsive pair
potential VDFT for a dimer employing a density-functional
theory method.74 We then construct a modified repulsive po-
tential, Vmod

R , using

Vmod
R �r� = VDFT�r��1 − F�r�� + VR�r�F�r� ,

where VR is the potential for states close to equilibrium de-
scribed in the main text, and the Fermi function

F�r� =
1

1 + exp�− bf�r − rf��
.

The value of the constants bf and rf are chosen such that the
potential is essentially unmodified at the equilibrium and
longer bonding distances, and that a smooth fit at short sepa-
rations with no spurious minima is achieved for all realistic
coordination numbers. Using this approach we obtained the
parameters given in Table VIII. These same values also give
smooth fits to the Ziegler-Biersack-Littmark universal repul-
sive potential.75
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