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transition levels
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Point defects introduce localized electronic states that critically affect carrier trapping, recombination,
and transport in functional materials. The associated charge transition level (CTLs) can depend on
temperature, requiring accurate treatment of vibrational free energy contributions. In this work, we use
machine-learned interatomic potentials to efficiently compute temperature-dependent (CTLs) for
vacancies in MgO, LiF, and CsSnBr3. Using thermodynamic integration, we quantify free energy
differences between charge states and calculate the vibrational entropy contributions at finite
temperatures. We find that temperature significantly affects the (CTLs) across all three materials, with
substantial energy level shifts inMgOand LiF over the investigated temperature ranges.Most notably,
inCsSnBr3 a neutral charge state becomes thermodynamically stable above 40K, introducing aFermi-
level windowabsent at 0K.We show that thewidely used static, zero-kelvin defect formalism canmiss
both quantitative (CTL) shifts and the qualitative emergence of new stable charge states.

Defects play a crucial role in determining the physical properties of mate-
rials, influencing mechanical, electronic, and thermal behavior1–5. In parti-
cular, in functional applications such as photovoltaics they can both
critically enhance and degrade the performance of solar energy devices2,6,7.
Under realistic operating conditions, defects are unavoidable, making it
essential to understand their impact on material behavior. In non-metals,
charged defects can form and interact strongly with their environment
through long-range Coulomb forces, influencing electronic and ionic pro-
cesses. A key property of such defects is the charge transition level (CTL),
which determines the thermodynamically favorable charge state for a given
Fermi level. These (CTLs) are strongly influenced by the local chemical
environment and therefore can be sensitive to temperature8. Accurate
predictions of (CTLs) are essential for understanding defect-related prop-
erties, underscoring the need for detailed studies of their behavior including
finite-temperature effects.

These defect-related properties have mainly been modeled using
density functional theory (DFT), an accurate but computationally expensive
method that becomes prohibitive for larger systems and/or is limiting when
thermal effects are important.Many studieshavemappedout (CTLs) at zero
kelvin for a wide range of materials9–14. While this allows a static char-
acterization of defects, capturing behavior at finite temperatures remains a
significant challenge. At finite temperatures, contributions from spin,
electronic, vibrational and orientational entropy play a role in the free
energy formulations15,16. Among these, vibrational entropy typically has the
largest impact and must be accounted for to accurately predict defect

formation energies at finite temperatures. Incorporating this temperature
dependence is therefore essential for reliable predictions above zero kelvin.

Finite-temperature effects have been explored within the (quasi-)har-
monic approximationbut alsousingmolecular dynamics approaches16–20, as
well as through analyses of defect-induced volume changes and band-edge
fluctuations21. These studies show that temperature induces only modest
variations in defect formation free energies. However, a comprehensive
understanding of the temperature dependence of (CTLs) is still emerging.

Here, we demonstrate a finite-temperature framework for defect
(CTLs) by combining (DFT)-trained neuroevolution potential (NEP)
models with thermodynamic integration (TI) directly between charge states
to quantify the temperature dependence of (CTLs), as well as to determine
the temperature dependence of optical transitions associatedwith vacancies
in MgO, LiF, and CsSnBr3. Building on the recent work on defect line
shapes18, for each material, a (NEP) model was trained on (DFT) reference
data encompassing defect configurations across the relevant charge states.
To explicitly represent the vacancy, the atoms neighboring the defect site
were decorated with alternative atomic labels, enabling the potential to
distinguish local environments associatedwithdifferent charge states18. Two
distinct (TI) paths were employed to accurately capture the temperature-
induced changes in the (CTLs): the Frenkel-Ladd path22 and a direct inte-
gration path connecting machine-learned potential (MLIP) labeled to
represent different charge states. Compared to previous finite temperature
studies of defect free energies and (CTLs), ourwork provides a practical and
general workflow for obtaining finite temperature (CTLs) based on (MLIP),
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decomposes vibrational and band-edge (valence band maximum (VBM))
contributions across three representative material classes and demonstrates
the finite temperature emergence of a neutral defect charge state in CsSnBr3
that is unstable at 0K.

Results
Charge transition levels and optical transition energies
The performance of the trained (NEP)models is shown in Fig. 1. Allmodels
achieve R2 scores close to 1 and low root mean square error (RMSE) scores.
Phonon dispersions were calculated to benchmark the (NEP) models
against (DFT). ForMgOandLiF, two force constant expansionmodelswere
trained using HIPHIVE23 for each material, one on (NEP) data and one on
(DFT) data, from which phonon dispersions were obtained via Phonopy.
For CsSnBr3, phonon dispersions were obtained directly from Phonopy
using both (NEP) and (DFT) force data. Loss during training, parity plots
and phonon dispersion comparisons can be seen in Figs. S1–S9.

Using (TI) with our (MLIP), we first obtained the free energy of the
charge states and pristine cells by integrating along the Frenkel-Ladd path.
The defect formation energies were then evaluated using Eq. (1), including
the (VBM) and correction terms.

These calculations enabled the construction of defect formation energy
diagrams as a function of Fermi energy at various temperatures, as shown in
Fig. 2a–c. In these plots, only the thermodynamically most stable charge
state is shown at each Fermi energy. The positions of the (VBM) and
conduction band minimum (CBM) are marked by solid vertical lines, with
colors corresponding to their respective temperatures. While we train our
(nep) models on data generated with semilocal functionals, we adjust the
band edges in the formation energy plots for amore direct comparisonwith
experimental data. It has been shown that (CTL) of localized defects are
found at similar absolute energies at different levels of theory24. Therefore,
we only adjust the positions of the (VBM) and (CBM) in the plots. The shifts
are taken from comparisons between calculations performed at the PBEsol
level of theory for MgO and LiF, and at the r2SCAN+rVV10 level for
CsSnBr3, against hybrid-functional calculations using the PBE0(α) method.
In the case of CsSnBr3, we additionally incorporate the shifts from including
the spin-orbit coupling. ForMgO and LiF, the values of the exact-exchange
fraction (α = 0.34 and α = 0.50, respectively) are taken from ref. 25, where

they were determined using Koopmans’ theorem applied to the hydrogen
probe and the H+/0 level. For CsSnBr3 we use α = 0.26, following ref. 26,
where the bromine vacancy was used as a probe.

From the formation energy diagrams, the (CTLs) at the temperatures
where (TI) was performed were extracted, shown as the × -markers in
Fig. 2d–f. Note that the shifts of (CTLs) in these plots are reported relative to
the temperature dependent (VBM), shifts of all (VBMs) and (CBMs) can be
seen in Fig. S16–S21. Because the Frenkel-Ladd path requires extensive
sampling to achieve convergence, the full temperature dependence of the
(CTLs) was obtained using a direct (TI) path between (MLIPs) representing
different charge states, also shown in Fig. 2d-f. The two (TI) approaches
yield closely agreeing results at all temperatures, while the direct path is
substantially more computationally efficient. This enhanced efficiency is
evident from the faster convergence shown in the SI (Fig. S10 and Fig. S11).
This likely arises from the smaller energy differences along the (TI) path
between charge states compared with those encountered along the Frenkel-
Ladd path. Moreover, evaluating the free energy difference between charge
states via theFrenkel-Ladd route requires two separate (TI) calculations, one
for each charge state. In contrast, the direct charge-state path requires only a
single (TI) calculation to obtain the (CTL). Thus, the direct path both halves
the minimum number of required (TI) runs and converges substantially
faster than the Frenkel-Ladd path.

Optical transition energies (Eoptðq0=qÞ for transition from q to q0) were
calculated both at zero kelvin, using configurational coordinate diagrams
(Fig. 3a–c), and at finite temperatures, using molecular dynamics (MD)
simulations (Fig. 3d–f). These transitions are reported relative to the tem-
perature dependent (VBM) and move similarly to the associated (CTLs).
This is in agreement with previous results showing that the optical transition
levels fluctuate similarly to the (CTL) in CsPbBr317. The configuration
coordinate diagram represents the potential energy surface (PES) as the
structure transforms between different defect geometries, where the energy
differences between charge states at their minima correspond to emission or
absorption processes. These diagrams were constructed by interpolating
between the relaxed geometries of different charge states while the (MLIP)
predicted the energy along the transformation path. These represent the
zero-kelvin optical transitions, as they are derived from relaxed geometries.
At finite temperatures starting at 10 K, (MD) trajectories of defect-containing
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Fig. 1 | Machine-learned interatomic potential and illustrations of marked
structures. a The MgO model performance. Six closest Mg atoms to the oxygen
vacancy are marked. b The LiF model performance. Six closest Li atoms to the

fluorine vacancy are marked. c The CsSnBr3 model performance. Two closest Sn
atoms to the bromine vacancy are marked.
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cells were generated in charge state q, while the energies were simultaneously
evaluated for charge state q0. The energy differences between these states
correspond to the optical transition energies between states q and q0,
reflecting electronic excitations or absorption occurring on timescales too
short for atomic relaxation. The temperature-dependent optical transition
levels are shown in Fig. 3d–f. The shaded regions represent the widths of the
sampled emission and absorption distributions. For each temperature, the
mean values and distribution widths were extracted from individual NPT
ensemble simulation runs with durations ranging from 0.2 ns to 5 ns.

To account for quantum effects, Phonopy27,28 was used to compute the
vibrational free energy correction for thermodynamic properties and energy
corrections for optical transition energies, employing both classical and
quantum statistics for all structures. We corrected the formation free
energies and optical transition energies by accounting for the temperature-
dependent difference between the quantum and classical cases. This cor-
rection is particularly important at low temperatures, where high-frequency
modes remain thermally inactive yet still contribute through zero-point
motion. The magnitude of the quantum corrections was small overall (see
Figs. S22–S24), though its relative impact varied across materials. For MgO
and LiF, the absolute corrections were largest, yet their effect on the (CTLs)
and optical transition energies was minor, as the relevant energy scales in
these materials are large in comparison. For CsSnBr3, the absolute correc-
tions were smaller, but carried greater relative significance given the com-
paratively modest magnitude of the energy shifts. The most notable
consequence was a shift in the stabilization temperature of the neutral
charge state from 60K to 40K. Unless otherwise stated, all results presented
include quantum corrections.

Throughout all simulations, no defect diffusionwas observed, a critical
requirement, as the neighbor-marking approach relies on the defect
remaining stationary.

MgO
Oxygen vacancies in MgO with charge states + 2 and 0 were investigated,
resulting in one (CTL). This (ctl) exhibits a clear temperature dependence

(Fig. 2a, d) that is driven by both vibrational entropy and a shift in (VBM).
The direct path between charge states yielded a (CTL) (ε+2/0) shift of
− 0.850meVK−1.

Five independent models were trained on different splits of the refer-
ence database, resulting in an ensemble that reproduces the temperature
dependence of ε+2/0 across the full range studied. The full model agrees well
with the ensemble of model splits at every temperature, and the spread
between splits remains far smaller than the shift itself (Fig. S27).

Over the temperature range studied, the (vbm) increases by approxi-
mately 414meV, see Fig. S16 for details. This shift contributes to roughly half
of the (CTL) movement. Excluding this shift from the total free energy
change, the vibrational contribution from the path between different charge
states averages − 0.436meVK−1.

For MgO, the optical transitions between the neutral and + 2 charge
states were considered. From the configurational coordinate diagram
(Fig. 3a) these transitions appear as the energy difference between the states
in their respectively relaxed geometries. We note that these zero kelvin
vertical transitions are in reasonably good agreement with previous work
done within the G0W0 approximation and the Bethe-Salpeter approach29.
Furthermore, the temperature dependence of these optical transitions and
their fluctuation (Fig. 3d) reveals a decrease in transition energies, which
aligns well with the observed change in the (CTL). In this figure, the shaded
area indicates the standard deviation of the sampled optical transition
energies, showing that these distributions widen with increased tempera-
ture. This increase in distribution width is similar for both charge states.

LiF
For LiF,fluorine vacancieswith charge state − 1, 0 or + 1were investigated,
leading to two (CTLs) as all states have a region of stability. Both (CTLs)
exhibit a shift with temperature (Fig. 2b, e). The shifts in (CTLs) from the
direct integration are − 2.160meVK−1 and − 2.220meVK−1 for the + 1/0
and 0/ − 1 transitions, respectively.

As forMgO,five independentmodelswere trainedondifferent splits of
the reference database, resulting in an ensemble in which both levels follow
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Fig. 2 | Temperature-dependent (CTLs) for MgO, LiF, and CsSnBr3 with regard
to (VBM) position. Dashed lines represent the positions of the (CTLs) and solid
vertical lines indicate (VBM) and (CBM) positions, colored according to the tem-
perature they represent. a, d The ε+2/0 level in MgO shifts by approximately
−850 meV over a temperature range of 1000 K. b, e In LiF, the ε+1/0 and ε0/−1 levels

shift by about−1080 meV and−1110 meV, respectively, over 500K. c, fThe (CTLs)
exhibited a shift of roughly 120meV, 320meV and 220meV over the 300K for the
transitions between + 1/0, 0/− 1 and + 1/− 1 respectively. Notably, a region where
the neutral charge state is thermodynamically favorable is introduced around 40 K.
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the full model closely and the slopes are consistent (Fig. S28). The spread
between splits is small compared to the shifts of the (CTLs).

The shift in (VBM) over 500K was around 605meV (see Fig. S18).
Excluding this from the (CTLs) movement, the shifts become
− 0.950meVK−1 and − 1.010meVK−1 for the + 1/0 and 0/− 1 transitions,
respectively. This is a substantial shift, even when excluding the (VBM)
contribution, underscoring the importanceof includingvibrational entropy.

ForLiF, the optical transitionsbetween theneutral and +1/−1 charge
states were considered (Fig. 3b, e). As in the case of MgO, the temperature
dependence of these optical transitions and their fluctuations (Fig. 3e) show
a slight decrease in transition energies with increasing temperature, which
aligns well with the observed change in the (CTL). Furthermore, the dis-
tribution widths of different transitions are on the same scale.

CsSnBr3
For CsSnBr3, bromine vacancies with charge state − 1, 0 or + 1 were
investigated. In both the orthorhombic and tetragonal phases there are non-
degenerate vacancy sites. The difference in (CTL) positions between these
are about 0.025eV at zero kelvin and they all converge to the same values in
the cubic phase as they become degenerate. In this section, we report
findings from the defect site that yields the lowest formation energy in the
zero kelvin limit. At absolute zero, only the negative and positive charge
states are thermodynamically stable. However, at temperatures above
approximately 40K, a region in which the neutral charge state becomes
thermodynamically favored emerges (Fig. 2c). The onset temperature is
sensitive to themodel training, since it is obtained as the intersection of two
levels with similar slopes, so that a small uncertainty in the levels themselves
translates into a large uncertainty in the crossing point. As forMgOandLiF,
five models were trained on independent splits of the dataset, and these
reproduce the (CTL) shifts of the full model (Fig. S29). Across the ensemble

of splits, the neutral charge state becomes stable at 46(31)K, where the
uncertainty is the standarddeviation across thefivemodels andnoquantum
corrections are applied (Fig. S30). Everymodel places the onset between14K
and 82K, so the emergence of the neutral statewell below room temperature
is robust even though itsprecise onset is not.Due to the soft dynamics of this
material, independent (TI) simulations fluctuated a lot in comparison to
both LiF andMgO, requiringmore sampling to reach convergence. For this
reason, linear fits of the movement of the (CTLs) were performed. Addi-
tionally, two phase transitions are observed across the temperature range
considered, an orthorhombic to tetragonal transition at 140K and a tetra-
gonal to cubic transition at 225K. The linear fits were performed for each
phase, showing minor changes in (CTL) slope at these transitions (Fig. 2f).
Thus, structural phase transitions do not introduce discontinuous (CTL)
shifts for this defect. The (CTLs) exhibited shifts of 0.400meVK−1,
1.065meVK−1, and 0.733meVK−1 for the transitions between + 1/0, 0/− 1,
and + 1/ − 1, respectively.

The (VBM) shift (-214meV between 0 and 300 K, see Fig. S20)
accounts for a substantial part of the (CTL) motion, but the sign and
magnitude of the residual vibrational contribution differ between transi-
tions, leading to the stabilization of the neutral state. Excluding the (VBM)
shift, the (CTL) moves by − 0.313meVK−1, 0.353meVK−1, and
0.020meVK−1 for the transitions between + 1/0, 0/ − 1, and + 1/ − 1,
respectively. This highlights that the vibrational entropy is the effect stabi-
lizing the neutral charge state at higher temperatures in CsSnBr3. These
results show that, for CsSnBr3, the (CTL) moves slightly and has a sub-
stantial contribution from the change in the (VBM). This small movement
in the (CTLs) due to vibrational entropy over this temperature range aligns
well with previous results for halide perovskites19. However, the results also
show the importance of including finite temperature effects as the neutral
charge state emerges as thermodynamically stable for some Fermi energies
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only above 40K. This is also consistent with the (DFT) results, where only a
single (CTL) is obtained at 0K, see Fig. S31.

For CsSnBr3, the optical transitions between the neutral and + 1/− 1
charge states were considered (Fig. 3c). The optical transitions and their
fluctuations (Fig. 3f) exhibit an increase in transition energies. This is
consistent with the (CTLs) of CsSnBr3 and also with previous studies
showing that the optical transitions shifts together with (CTLs) in
CsPbBr317. Furthermore, the vertical energy distributions associated with
transitions from the neutral to the charged states are substantially broader
than for all other transitions. This is reflected by the flat energy landscape of
the neutral charge state in comparison with both the negative and positive
charge state (Fig. 3c).When calculating absorption or emission events from
the neutral charge state during (MD), the system naturally exhibits larger
structural fluctuations, as the flat energy landscape allows it to move in and
out of geometries corresponding to the energy minima of the negative and
positive charge states.

The minor discrepancy in optical transition energies when comparing
the relaxed geometry (Fig. 3c) to the low-temperature MD runs (Fig. 3f)
likely arises from the disparity in system sizes, 60 versus 2560 atoms.
Additionally, the two methods of structural optimization, static relaxation
versus MD at 10K, naturally lead to subtle variations in the final atomic
configurations.

Comparison
The temperaturedependenceof the (CTLs) across the investigatedmaterials
reveals distinct trends governed by the combination of vibrational entropy
and (VBM) shifts.

For all materials investigated, substantial temperature dependence of
the (CTLs) was identified. In MgO, the (CTL) movement is due to a near-
equal shift in (VBM) and vibrational entropy. For LiF, contributions from
vibrational entropy alone accounts for significant movements in (CTL)
positions, which gets amplifiedwhen including the (VBM)movement. This
emphasizes that lattice vibrations can drive significant (CTL) shifts and
shows that these effects are of importance whenmodeling defect energetics.
For CsSnBr3, the temperature-induced movements of the (CTLs) are
moderate and influencedmainly by (VBM) shifts. Effects such as these have
been measured experimentally, for instance in GaSe where the difference
between two (CTL), from Ga vacancies, increases from 0.17 eV to 0.38 eV
over a range of 290.5 eV30. This corresponds to a change of roughly
0.722meVK−1, which is on the same order of magnitude as our results.
Temperature shifts in the optical transition energies (Fig. 3d–f) have also
been reported in previous experimental31 and theoretical studies18.

Furthermore, themost interesting observation related to the (CTLs) in
CsSnBr3 is the change that takesplace at 40 K,where the neutral charge state
becomes stable at some Fermi energies. The width of this stability range
grows as temperature increases and at 300K the neutral charge state is the
most stable one across a substantial part of the band gap. This stabilization is
driven by the flat potential energy surface of the neutral charge state, see the
q = 0 line in Fig. 3c, which allows a larger volume of configuration space to
become accessible already at low temperatures, leading to a faster increase in
entropy compared to thepositive andnegative charge states.More generally,
whenever a charge state that is unstable at 0K and exhibits a flatter (PES)
than the competing stable charge states, finite-temperature entropic con-
tributions can drive its stabilization. Perovskites are natural candidates for
such behavior, as their soft lattices allow the local structure around a defect
to respond strongly to changes in charge state, so that competing charge
states can differ substantially in the curvature of their energy landscapes. A
systematic investigation of defect (CTL) across this material class is there-
fore likely to reveal further charge states that are absent from the zero-kelvin
picture.

Our results highlight two points: The inclusion of finite-temperature
effects is of importance due to the potential temperature dependence of
(CTLs) and due to the possible introduction of new thermodynamically
favorable charge states.

Discussion
Toconclude,wehavequantified the temperature dependenceof (CTLs) and
optical transition energies for vacancies in MgO, LiF and CsSnBr3 by
employing (MLIPs).

The direct (TI) path between charge states achieves high computa-
tional efficiency because the free energydifferences along this path are small,
in contrast to the much larger changes usually encountered in the Frenkel-
Ladd path to an Einstein crystal. As a result, less sampling is required to
obtain accurate estimates of the vibrational free energy differences.

The results show that temperature can shift (CTLs) by hundreds of
meV, with the cause of these shifts differing between materials. Notably, in
CsSnBr3 we find the emergence of a thermodynamically stable neutral
charge state only above 40K. This shows that even if (CTLs) only vary
slightly due to vibrational entropy contribution, this could have a significant
impact by introducing entirely new thermodynamically stable charge states.
Finite temperature shifts in (CTLs) and the emergence of new charge states
as reported here are directly relevant for predicting doping limits and non-
radiative recombination in wide-gap functional materials.

Together, these findings demonstrate that finite-temperature effects
are essential for reliable predictions of defect energetics. We show that the
widely used static formalism of defect modeling fails to capture details that
are important under operating conditions for these materials.

Methods
Defect formation free energy and CTLs
The defect formation free energy for a defect X in charge state q is given by
Eq. (1).

Gf ½Xq�ðT; μeÞ ¼ Gtot½Xq�ðTÞ � Gtot½ bulk �ðTÞ
�P

i
niμi þ q EV BMðTÞ þ μe

� �þ EcorrðqÞ: ð1Þ

Here, Gtot[X
q] and Gtot[bulk] denote the Gibbs free energies of the

defect-containing and pristine supercells, respectively. Note that we com-
pute Helmholtz free energies, F, rather than Gibbs free energies, G. This is
justifiedby thePV termbeing negligible at lowpressures for these formation
free energies16. The term ∑iniμi accounts for the chemical potential con-
tributions associated with adding or removing atoms of type i. Since the
(CTL) does not depend on the chemical potentials, all μi are treated as
constants throughout this study. The term q(EV BM + μe) represents the
energy required to add or remove q electrons referenced to the (VBM). The
temperature dependence of the (VBM) was obtained from (MD) snapshots
via deep core level alignment, with further details given in the SI (Fig. S15).
Ecorr is the correction term forfinite-size effects, which in the presentwork is
charge dependent and evaluated using the Freysoldt, Neugebauer and Van
de Walle (FNV) correction scheme32,33. The values for ionic chemical
potentials, temperature-dependent (VBM) shifts, and (FNV) corrections
are reported in the SI.

(CTLs) determine the thermodynamically favorable charge state of a
defect at a given Fermi level. The (CTL) between charge states q and q0,
denoted as ϵq=q0, is calculated from the difference in the defect formation free
energies,

ϵq=q0 ¼
Ff ½Xq; μe ¼ 0� � F f ½Xq0; μe ¼ 0�

q0 � q
: ð2Þ

MLIP for charged defects
Toobtainwell-converged (TI) results,we require an efficientway toperform
(MD) simulations. For this purpose, (NEP) models34,35 were trained for
MgO, LiF, and CsSnBr3, with reference data generated using (DFT) as
implemented in the Vienna Ab initio Simulation Package36,37. The PBEsol
exchange-correlation functional38was employed forMgOandLiF,while the
r2SCAN+rVV10 functional39,40 was used for CsSnBr3. All calculations
employed the projector-augmentedwavemethodwith a plane-wave energy
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cutoff of 520eV. Brillouin zone sampling used Γ-centered grids with a
spacing of 0.27øA−1 for LiF and MgO, and 0.15øA−1 for CsSnBr3.

To benchmark the choice of exchange-correlation functional for
CsSnBr3, predicted energies from r2SCAN+rVV10 were compared against
r2SCAN+rVV10+SOCand r2SCAN0+rVV10across all defect geometries
with the different charge states. Defect geometries were obtainedby relaxing
159-atom supercells using the (NEP) model. The results show good
agreement between functionals, with all key features preserved, justifying
the use of r2SCAN+rVV10 alone for training data generation without
resorting to hybrid functionals. See Fig S25 for this comparison.

Training utilized the GPUMD34 and CALORINE packages41. The
initial datasets comprised both pristine and defective structures, generated
by rattling ideal structures. An iterative training procedure was employed
after the first generation of models, based on running (MD) with previous
generationmodels to pick out structures for training of the new generation.
Snapshots were selected at random, with the exception of structures taken
from trajectories in which the energy or temperature diverged, which were
included so that the models were explicitly trained on the configurations at
which the previous generation had failed. The structures included were
furthermore filtered on forces to prevent extreme configurations from
skewing the dataset. The cutoff for this filter was set to 30eVøA−1 for all
materials. This procedure was repeated until the energy and force (RMSE)
were sufficiently lowand themodels remained stableduring (MD).Thefinal
energy and force (RMSEs) were 0.6meVatom−1 and 46.8eVøA−1 for MgO,
0.9meVatom−1 and 32.8eVøA−1 for LiF, and 1.4meVatom−1 and
58.0meVatom−1 for CsSnBr3, comparable to previously reported (NEP)
models42. All (NEP)models useda radial and angular cutoff of 8øA and4øA,
respectively. Both three and four-body terms were included for the angular
descriptors. Furthermore, all (NEP) models used one hidden layer con-
sistingof 30neurons. ForMgO,we includedOvacancieswith charge states 0
and + 2; for LiF, F vacancies with charge states − 1, 0, and + 1; and for
CsSnBr3, Br vacancies with charge states − 1, 0, and + 1. In all training
configurations, atoms neighboring a vacancy were labeled according to the
charge state of that vacancy18. For MgO and LiF, the six Mg or Li atoms
surrounding an O or F vacancy, respectively, were labeled, as illustrated in
Fig. 1. InCsSnBr3, the two Sn atoms closest to the defect were labeled. These
labels encode the charge state of the associated vacancy.

Thermodynamic integration
To obtain free energy differences between charge states, including anhar-
monic contributions, we performed both Frenkel-Ladd (TI) and (TI)
directly between charge states. The non-equilibrium (TI) approach evalu-
ates the irreversible work, Wirr, performed during the switching process
between two Hamiltonians (Hi and Hf) through,

W
λi!λf
irr ¼

Z ts

0
Hf ðtÞ �HiðtÞ
h idλ

dt
dt; ð3Þ

where λ is switched from λi to λf over the switching time ts. The coupling
HamiltonianusedwasH(λ) = (1− λ)Hi+ λHf. The switching function used
along all (ti) paths was λ = (70.0s4 − 315.0s3 + 540.0s2 − 420.0s+ 126.0)s5,
where s= t/tswith t being the current elapsed time along the switching path.
The free energy difference is then obtained via,

ΔF ¼ 1
2

W
λi!λf
irr

D E
� 1

2
W

λf!λi
irr

D E
; ð4Þ

where the average is takenovermany independent switching trajectories. In
the following, one TI run refers to a forward switch λi → λf followed by a
reverse switch λf→ λi, each of duration ts, so that ΔF in Eq. (4) is obtained
from a single such pair.

The Frenkel-Ladd path22, which connects the system described by the
(NEP) model to a reference Einstein crystal with analytically known free
energy,was used to calculate the free energy of both apristine anddefect cell.
The formation energy was then obtained from Eq. (1). This approach

yielded the absolute free energy of each structure at the target temperature,
enabling accurate determination of defect formation free energies. These
formation energies for different charge states were subsequently used in Eq.
(2) to calculate the (CTLs).

Atoms neighboring the defect are assigned a distinct species label to
encode the charge state of the vacancy, an approach that has proven effective
in previous work18,43. In the (NEP) models, the marked neighbors of a
vacancy are treated as distinct atomic species rather than as an inert tag on
an existing species. Each charge state has its own labeledneighbor species, so
the number of chemical speices exceeds the number of chemical elements:
four types forMgO (Mg,O, and labeledMg for q= 0,+ 2), five for LiF (Li, F
and labeledLi forq=−1, 0,+1), and six forCsSnBr3 (Cs, Sn,Br, and labeled
Sn for q = − 1, 0, + 1). As for any species in a (NEP) model, each labeled
species carries its own trainable parameters. To perform (TI) directly
between charge states, a secondcopyof the trainedmodel is created inwhich
the labeled species corresponding to charge states q1 and q2 are inter-
changed. Applied to the same atomic configuration, the two models
therefore interpret the marked atoms as neighbors to a vacancy of charge
stateq1 and q2, respectively. Bothuse the same trainedparameter set, and the
interchange affects only the marked atoms: any atom with only unmarked
neighboring atoms within the descriptor cutoff has an identical descriptor
and identical parameters under bothmodels, so its site energy is unchanged
and the energetics of the supercell away from the defect cancel exactly
between them. This method is illustrated in Fig. S26. Performing (TI) along
a path between these two potentials then directly yields the free energy
difference between charge states,

ΔF ¼ Ftot½Xq1 � � Ftot½Xq2 �: ð5Þ

This is one part of what is required to evaluate the (CTL) between charge
states q1 and q2, given in Eq. (2). Evaluating Eq. (2), the bulk free energy
Ftot[bulk] and the chemical potential term∑iniμi cancel exactly, leaving

ϵq1=q2 ¼
ΔF þ ðq1 � q2Þ EVBM þ Ecorrðq1Þ � Ecorrðq2Þ

� �
q2 � q1

: ð6Þ

For bothMgO and LiF, structures of 13824 atoms were used during all
simulations,while forCsSnBr3 2560atomswereused.The convergence tests
of these canbe seen inFigs. S12–S14.The lowernumberof atoms inCsSnBr3
was due to the fact that these simulations neededmore independent runs to
reach convergence. An exception to the number of atoms applies to
Fig. 3a–c, where smaller cells were used to enable direct comparison with
(DFT) in the functional benchmarking, see Fig. S25.

For the Frenkel-Ladd (TI) path, reference structures for each tem-
perature were obtained as time-averaged configurations from 150ps (MD)
runs in theNPT ensemblewith stochastic cell rescaling44, averaging over the
final 75ps. Runs were then initialized by running (MD) with the NVT
ensemble using the Langevin method45, after which the Frenkel-Ladd (TI)
was performed. 30 independent runs were performed for each temperature
for MgO and LiF, and 60 independent runs were performed for each
temperature for CsSnBr3. For the direct (TI) path, runs were initialized by
equilibrating the cells at each temperature in the NPT ensemble using
stochastic cell rescaling. Equilibration times ranged from 4 ps to 20 ps,
according to how quickly the cell volume converged. After this, a direct (TI)
run was performed. One equilibration followed by direct (TI) was per-
formed per temperature forMgO and LiF. For CsSnBr3, this procedure was
repeated 5 times at each temperature, each repetition consisting of an
independent equilibration followed by a (TI) run. The direct (TI) simula-
tions were performed with 50,000 time steps during the switch between
Hamiltonians, as justified by the benchmark in the SI.With the time step of
1fs employed during all runs, this corresponds to 50 ps in switching time.
During the direct (TI) path, the NVT ensemble using the Langevin method
was used. Temperature was controlled with a relaxation time of 0.1 ps in
both the NVT and NPT simulations, and the barostat in the NPT simula-
tions used a relaxation time of 0.2 ps.
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Uncertainty estimation
To assess the sensitivity of the (CTLs) to the model training, five additional
(NEP) models per material were trained on independent random 80/20
training/test splits of the same reference database, with all hyperparameters
fixed and only the partitioning and random seed varied. Direct (TI) was
performed for each model at every temperature, giving an ensemble esti-
mate of the model-induced uncertainty in the (CTLs) and hence in the
underlying free energy differences. Results are reported as the ensemble
mean and standard deviation and are compared with the model used
throughout the main text in Figs. S27–S30.

Data availability
AllNEPmodels, aswell as theDFTdatabases used to train thesemodels, are
available on Zenodo at https://doi.org/10.5281/zenodo.17939378.
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Supplementary Note 1: Machine-learned potentials
Here, the losses during training are presented for all models as well as the parity plots showing the performance
for energies, forces, virials, and stresses. Also, the phonon dispersions for the models are included.
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Fig. S1: Loss function during training of MLIP for MgO. The evolution of the total loss, along with
the L1 and L2 norms are shown in the top plot. The bottom plot shows the RMSE of forces, virials and energies.

Fig. S2: Parity plot for energies, forces, virials and stresses in MgO. The inset values indicate RMSE
and R2 score. The plots are based on all data available.
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Fig. S3: MgO phonon dispersion from both NEP and DFT calculations. The comparisons shows
close agreement between the MLIP and reference data.
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Fig. S4: Loss function during training of MLIP for LiF. The evolution of the total loss, along with the
L1 and L2 norms are shown in the top plot. The bottom plot shows the RMSE of forces, virials and energies.
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Fig. S5: Parity plot for energies, forces, virials and stresses in LiF. The inset values indicate RMSE
and R2 score. The plots are based on all data available.
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Fig. S6: LiF phonon dispersion from both NEP and DFT calculations. The comparisons shows close
agreement between the MLIP and reference data.
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Fig. S7: Loss function during training of MLIP for CsSnBr3. The evolution of the total loss, along
with the L1 and L2 norms are shown in the top plot. The bottom plot shows the RMSE of forces, virials and
energies.

Fig. S8: Parity plot for energies, forces, virials and stresses in CsSnBr3. The inset values indicate
RMSE and R2 score. The plots are based on all data available.
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Fig. S9: CsSnBr3 phonon dispersion from both NEP and DFT calculations. The MLIP captures
key features from the reference data, especially around the M- and R-mode.

Supplementary Note 2: Comparison of thermodynamic integration
paths
To illustrate the computational efficiency of the direct integration path, a benchmark of this method in compar-
ison with the Frenkel-Ladd path was made for the free energy difference between the charge states 0 and +2 for
an oxygen vacancy in MgO at 50K. From Figure S10 and Figure S11 it is clear that the direct path converges
faster than the Frenkel-Ladd method, with its standard error for 3 runs outperforming the Frenkel-Ladd path
for 30 runs for all numbers of steps. Note that the energies reported here are not corrected with regard to
valence band maximum (VBM) and the FNV scheme, but instead are the raw data obtained from the methods.

Based on this benchmark, a minimum of 30 Frenkel-Ladd runs were performed for each temperature, each
with at least 50 000 steps. For the direct integration, at least 50 000 steps were performed for each temperature.
The timestep used throughout this work was 1 fs.
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Fig. S10: Results and standard error for the energy difference between charge states 0 and +2
in MgO at 10K. Three cases were considered, direct integration between charge states averaged over 3 runs,
and the Frenkel-Ladd path averaged over 3 and 30 runs. Convergence with number of steps is clearly much
quicker for the direct integration method, as it essentially converges already after 1000 steps.
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Fig. S11: Results and standard error for the energy difference between charge states 0 and +2 in
MgO at 1000K. Three cases were considered, direct integration between charge states averaged over 3 runs,
and the Frenkel-Ladd path averaged over 30 runs.

Supplementary Note 3: Convergence with cell size
For MgO and LiF, simulations were performed in supercells of 13824 atoms. This was converged with regards
to the number of atoms, as highlighted by Figure S12 and Figure S13 which shows the MgO convergence of TI
runs.
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Fig. S12: TI results as a function of cell size in MgO at 50K. The convergence check shows that the
cell size is well converged already around 2000 atoms.

0 2000 4000 6000 8000 10000 12000 14000
Switching steps

9.8

9.9

10.0

10.1

10.2

10.3

En
er

gy
 (e

V)

Integration between charge states (mean from 10 runs)

Fig. S13: TI results as a function of cell size in MgO at 1000K. The convergence check shows that
the cell size is well converged already around 2000 atoms.

The simulations of CsSnBr3 used cells with 2560 atoms. The smaller cell size stemmed from the need to
average over more independent runs to obtain converged TI results. 2560 atoms were deemed well converged,
see Figure S14.
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Fig. S14: TI results as a function of cell size in CsSnBr3 at 100K. The convergence check shows that
the cell size is well converged already around 2000 atoms.

Supplementary Note 4: Chemical potential, corrections, and VBM
shifts
The chemical potentials were obtained from density functional theory (DFT) calculations of appropriate refer-
ence phases, chosen such that their energy differences yield the chemical potential of each defect species. The
specific reference phases used for each material are detailed in the corresponding subsections below.

Finite-size corrections for charged supercells were evaluated using the FNV scheme. All corrections were
computed at 0K and subsequently assumed to be temperature independent throughout this work.

The temperature dependence of the VBM was calculated using deep core states as reference levels. Snapshots
from molecular dynamics (MD) simulations at finite temperatures were extracted, and DFT calculations were
performed to obtain the electronic DOS for each snapshot. A Gaussian fit was performed to deep levels for the
electronic DOS of snapshots obtained from MD heating runs. The distance between the mean of this fit and the
VBM was then calculated to track the VBM shift. This method is illustrated for one snapshot in Figure S15.
The same method was used to track the conduction band maximum (CBM) movement.
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Fig. S15: Gaussian fits to DOS in MgO. Dashed red curve is the Gaussian fit to deep levels and
dashed vertical line is the VBM position .

MgO
The oxygen chemical potential was evaluated at the Mg-rich limit. Under this condition, the host stability
constraint ∆µMg +∆µO = ∆Hf (MgO) reduces to ∆µO = ∆Hf (MgO). Expanding the formation enthalpy and
adding back the elemental oxygen reference µ0

O = E(O2)/2 causes the two oxygen reference terms to cancel
exactly. The final chemical potential is therefore obtained directly from two DFT total energies,

µO = E(MgO)− µ0
Mg, (S1)

where µ0
Mg = E(Mg bulk)/NMg is the energy per atom of bulk Mg metal. The ionic chemical potential of O

was found to be −4.45 eV in the Mg-rich environment.
For MgO, the FNV scheme yields a correction of 722meV for the +2 charge state. The VBM shift as a

function of temperature and fit of this data can be seen in Figure S16. The CBM as a function of temperature
can be seen in Figure S17.
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Fig. S16: VBM movement for MgO. A polynomial of degree 3 was fit to the data which is used in all
calculations.
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Fig. S17: CBM movement for MgO. A polynomial of degree 3 was fit to the data which is used in all
calculations.

LiF
The fluorine chemical potential was evaluated at the Li-rich limit, where Li is in equilibrium with bulk Li
metal and ∆µLi = 0. Under this condition, the host stability constraint ∆µLi + ∆µF = ∆Hf (LiF) reduces
to ∆µF = ∆Hf (LiF). Expanding the formation enthalpy and adding back the elemental fluorine reference
µ0
F = E(F2)/2 causes the two fluorine reference terms to cancel exactly. The final chemical potential is therefore

obtained directly from two DFT total energies,

µF = E(LiF)− µ0
Li, (S2)
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where µ0
Li = E(Li bulk)/NLi is the energy per atom of bulk Li metal. The ionic chemical potential of Li was

found to be −7.903 eV in the Li-rich environment.
For LiF, the calculated FNV corrections amount to 541meV for the +1 charge state and 0.465 eV for the

−1 charge state. The VBM shift as a function of temperature and fit of this data can be seen in Figure S18.
The CBM as a function of temperature can be seen in Figure S19.
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Fig. S18: VBM movement for LiF. A polynomial of degree 3 was fit to the data which is used in all
calculations.
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Fig. S19: CBM movement for LiF. A polynomial of degree 3 was fit to the data which is used in all
calculations.

CsSnBr3

The bromine chemical potential was evaluated at the Sn-rich limit, where Sn is in equilibrium with bulk Sn
and ∆µSn = 0, with the CsBr competing phase boundary active. The host stability constraint ∆µCs +∆µSn +
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3∆µBr = ∆Hf (CsSnBr3) and the active CsBr boundary ∆µCs +∆µBr = ∆Hf (CsBr) together eliminate ∆µCs

upon subtraction. Expanding both formation enthalpies, the elemental cesium reference cancels completely since
Cs appears in both phases, while the elemental bromine reference cancels after adding back µ0

Br = E(Br2)/2
to obtain the absolute potential. The elemental tin reference µ0

Sn does not cancel, since Sn appears only in
CsSnBr3 and not in CsBr.
The final chemical potential is therefore obtained directly from three DFT total energies,

µBr =
1

2

[
E(CsSnBr3)− E(CsBr)− µ0

Sn

]
, (S3)

where µ0
Sn = E(Sn)/NSn is the energy per atom of bulk Sn. The ionic chemical potential of Br was found to be

µBr = −14.471 eV evaluated in the Sn-rich environment.
In the case of CsSnBr3, the +1 and −1 charge states require corrections of 172meV and 113meV, respectively.

The VBM shift as a function of temperature and fit of this data can be seen in Figure S20. The CBM as a
function of temperature can be seen in Figure S21.
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Fig. S20: VBM movement for CsSnBr3. A polynomial of degree 3 was fit to the data which is used in
all calculations.
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Fig. S21: CBM movement for CsSnBr3. A polynomial of degree 3 was fit to the data which is used in
all calculations.

Supplementary Note 5: Quantum corrections
Quantum corrections were calculated using Phonopy [1, 2]. The vibrational free energy using both classical
and quantum statistics for all defective and pristine structures. Below follows the results for the free energy
differences between different structures for all materials.
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Fig. S22: Quantum corrections for MgO. This plot gives the value used to correct for quantum effects
when comparing energies between charge states.
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Fig. S23: Quantum corrections for LiF. This plot gives the value used to correct for quantum effects
when comparing energies between charge states.
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Fig. S24: Quantum corrections for CsSnBr3. This plot gives the value used to correct for quantum
effects when comparing energies between charge states.

Supplementary Note 6: Functional influence on energy
To assess the sensitivity of the defect dynamics to the choice of exchange-correlation functional, we computed en-
ergies for the relaxed defect geometries using r2SCAN+rVV10, r2SCAN+rVV10+SOC, and r2SCAN0+rVV10.
The results are shown in Figure S25, where each relaxed geometry is taken from 159 atom structures relaxed
with the NEP model. Notably, the neutral charge state retains its flat PES regardless of the functional em-
ployed. The two non-zero charge states likewise exhibit consistent behavior across all three functionals. Taken
together, these results demonstrate that our choice of functional is robust, and that the differences between
functionals are insufficient to justify the added computational cost of hybrid calculations in the training set.
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Fig. S25: Energies in the various relaxed defect geometries for different functionals . The
consistent flattening of the neutral charge state PES across r2SCAN+rVV10, r2SCAN+rVV10+SOC, and
r2SCAN0+rVV10 confirms that the chosen functional is sufficient to capture the key physics, no hybrid func-
tional is required.

Supplementary Note 7: Direct integration between charge states
The method of marking neighbors based on defect charge state is illustrated in Figure S26. Performing TI
between these models with different labels directly yields the free energy difference between charge states.

Fig. S26: Illustration of the labeling procedure used for the direct integration between charge
states. The two NEP models, NEP1 and NEP2, are constructed so that the neighboring atoms are related to
vacancies with charge state q1 and q2, respectively.

Supplementary Note 8: Performance of different model splits
The CTLs reported in the main text were obtained with a single NEP model per material, trained on the
full reference database. To assess how sensitive the results are, we trained five additional models per material
on different training/test splits of the same database, keeping all hyperparameters fixed and varying only the
partitioning and the random seed. The training/test splits where divided in random 80/20 portions. The
temperature dependence of the CTLs, which is directly linked to the free energies, was obtained for every
model, resulting in an uncertainty estimate of the models. In the following, full refers to the model used in the
main text and splits to this ensemble. Note that no quantum corrections are applied in the following section.

For MgO (Figure S27) the splits reproduces the ε+2/0 behavior of the full model across the entire temperature
range. The slope is similar between the splits and the full model, and the STD for the splits grows with
temperature, which is expected.
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Fig. S27: Temperature dependence of the CTL in MgO for independent NEP model splits. The
ε+2/0 level of the oxygen vacancy relative to the temperature-dependent VBM, obtained from direct TI between
charge states using NEP models trained on 5 different training/validation splits of the same reference database.
The spread between splits provides an estimate of the uncertainty associated with the model training.

For LiF (Figure S28) both the ε+1/0 and the ε0/−1 level follow the full model closely, and the full model is
always within one STD of the splits. The slopes extracted from the splits are also consistent.

The more complex potential energy surface of CsSnBr3 made it harder to train stable models. We therefore
trained more than five models in total and kept the five splits shown in Figure S29, removing outliers. Since the
number of TI simulations scales with the number of splits and the number of temperatures, and that several
independent TI runs are necessary to obtain good statistics for CsSnBr3, the trajectories used here were shorter
than those of the production runs reported in the main text (2 ps compared with 50 ps). The full model and
the split agrees well with each other. The separation between the two levels widens with temperature for every
split, which is the feature responsible for the emergence of the neutral charge state.
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Fig. S28: Temperature dependence of the CTLs in LiF for independent NEP model splits. The
ε+1/0 and ε0/−1 levels of the fluorine vacancy relative to the temperature-dependent VBM, obtained from direct
TI between charge states for NEP models trained on different training/validation splits. All splits reproduce
the same slopes within the split-to-split scatter.
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Fig. S29: Temperature dependence of the CTLs in CsSnBr3 for independent NEP model splits.
The ε+1/0, ε0/−1 and ε+1/−1 levels of the bromine vacancy relative to the temperature-dependent VBM for
NEP models trained on different training/validation splits. These runs for CsSnBr3 used fewer simulation steps
than for the production runs in the main article (2 ps compared with 50 ps). This is well motivated by the
convergence check in Figure S11, and only shifted the full-model prediction for the neutral charge state as
stable by 5.4K.

The onset of the neutral charge state stability is summarized in Figure S30 for the different splits, which
shows the temperature at which ε+1/0 and ε0/−1 cross for each model. These crossings were calculated by doing
linear fits of the CTLs in the temperature range 0 to 140K and noting the temperature at which the ε+1/0

and ε0/−1 crosses. The full model gives 54.6K and the split ensemble (46± 31)K, note here that no quantum
corrections are applied. The comparatively large spread is expected: the crossing temperature is obtained from
the intersection of two levels with similar slopes, so a small uncertainty in the levels themselves translates into
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a large uncertainty in the intersection point. The important observation is that every split places the crossing
between 14 and 82K, i.e. far below room temperature, so the emergence of a thermodynamically stable neutral
bromine vacancy well below ambient conditions is a robust feature of the models and not an artifact of one
particular training run.

Full
Split1

Split2 Split3
Split4 Split5

20

30

40

50

60

70

80

C
ro

ss
in

g 
te

m
pe

ra
tu

re
 (

K
)

Split ensemble mean: 46.0 K
Split ensemble STD: 31.0 K
Full: 54.6 K

Fig. S30: Onset temperature for the stability of the neutral charge state in CsSnBr3 across model
splits. Temperature at which the ε+1/0 and ε0/−1 levels cross, i.e. above which the neutral bromine vacancy
becomes thermodynamically stable in a window of Fermi energies, extracted for each NEP model split. The
emergence of the neutral charge state is reproduced by all splits, with the onset temperature varying by only a
few tens of kelvin.

Supplementary Note 9: DFT prediction of zero kelvin CTLs
To verify that our finite-temperature framework reduces to the expected static limit, we computed the defect
formation energies directly from DFT using the same settings as used in training data generation. The resulting
formation energies are shown in Figure S31. Only a single CTL is obtained, as the neutral charge state does
not become thermodynamically stable for any position of the Fermi level. This is the same behavior as the
low-temperature limit of our NEP-based free energies, which likewise show a single CTL in the zero kelvin limit.
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Fig. S31: Energies are obtained from DFT, on DFT-relaxed structures. This therefore correspond to
the zero-kelvin formation free energies predicted by DFT, in agreement with the low-temperature limit of our
NEP model.
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