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The soft modes associated with continuous-order phase transitions are commonly associated with
particularly strong anharmonicity. Here, we show that this can lead to overdamped behavior already
far above the actual transition temperature using molecular dynamics simulations and a machine-
learned potential. While in the overdamped limit the interpretation of lattice vibrations as phonon
quasi-particles with a specified frequency and relaxation time becomes physically questionable the
mathematical description in terms of damped oscillators still holds. A physically more intuitive
picture can be obtained by considering the relaxation times of the mode coordinate and its conjugate
momentum, which at the instability approach infinity and the inverse damping factor, respectively.
We demonstrate this behavior quantitatively for the prototypical case of the cubic-to-tetragonal
phase transition of the inorganic halide perovskite CsPbBr3, and show that the overdamped region
extends almost 200 K (or about 60%) above the transition temperature.

The vibrational properties of solids are pivotal for
many physical phenomena, including but not limited to
phase stability and thermal conduction. In crystalline
solids, the vibrational spectrum is commonly described in
terms of phonons as quasi-particle representations of the
lattice vibrations. The phonon frequency, ω0, is typically
much larger than the damping Γ; the phonon relaxation
time τ = 2/Γ is thus much longer than the oscillation
period, such that the quasi-particle picture is well mo-
tivated [1–6]. In this so-called underdamped limit, the
relaxation time decreases as the damping Γ increases.

By comparison, there are far fewer cases when phonon
modes become overdamped, i.e., ω0τ < 1 [7, 8]. This can
occur either due to large damping or for very soft modes,
usually in the immediate vicinity of a phase transition, as
for example in the case of body-centered cubic Ti [9–11],
rotationally disordered 2D materials [12], in ferroelectrics
such as BaTiO3 [13–16] or in halide perovskites [17, 18].
Notably, in the overdamped limit, the relaxation time in-
creases with increasing damping Γ, which calls into the
question the picture of a well defined phonon mode with
a frequency and relaxation time. Overdamped phonon
dynamics is, however, usually limited to a rather nar-
row temperature window and under these circumstances
the inversion of the relation between relaxation time and
damping cannot be readily observed. Here, we demon-
strate that the soft phonons modes associated with the
phase transitions in the prototypical halide perovskite
CsPbBr3 are, however, outstanding manifestations of this
exact behavior as the overdamped region extends almost
200 K above the tetragonal-cubic phase transition.

Halide perovskites are promising materials for pho-
tovoltaic and optoelectronic applications. Specifically,
CsPbBr3 has received a lot of attention in recent years
[19]. With increasing temperature it undergoes phase
transitions from an orthorhombic (Pnma) to a tetragonal
(P4/mbm) and eventually a cubic phase (Pm3̄m) [20–24].

These phase transitions are connected to specific phonon
modes and arise due to tilting of the PbBr6 octahedra,
corresponding to phonon modes at the R and M points
(Fig. 1a) [25–28]. Experimentally, these modes have been
shown to exhibit overdamped characteristics in the vicin-
ity of the phase transitions [17, 18, 29]. The phase transi-
tions have also been studied from first-principles and via
molecular dynamics (MD) simulations, see, e.g., Refs. 30–
32.

Here, we reveal the dynamics of the octahedral tilt
modes in CsPbBr3 over a wide temperature range, which
as shown below requires both large large systems (com-
prising at least several 10,000 atoms) and sufficiently long
times scales (∼ 50 ns to 100 ns) in order to achieve con-
verged results (Fig. S7 and Fig. S6) [34]. To this end,
we employ a MLP that achieves close to DFT accuracy
(Note S2) [35, 36] and extensive MD simulations enabled
by an efficient implementation on graphical processing
units (GPUs) [37]. Reference data for the construction
of the MLP was generated by DFT calculations [38–40]
using the strongly constrained and appropriately normed
(SCAN) exchange-correlation functional [41] (Note S1).
Simulations and atomic structures were handled via the
ase [42] and calorine packages [43]. The dynamics
were analyzed directly from MD simulations via normal
mode projections. The obtained phonon frequencies and
relaxation times with the MLP are in good agreement
with experimental work for multiple phonon modes (see
Fig. S11). In addition, we consider several different self-
consistent phonon (SCP) renormalization methods [44]
as well as EHMs [45–48] using the hiphive [49], alam-
ode [50], and sscha packages [51].

To analyze phonon modes directly from MD simula-
tions we employ phonon mode projection [3, 52, 53]. The
atomic displacements u(t) and velocities v(t) can be pro-
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FIG. 1. (a) Phonon dispersion for the cubic phases of CsPbBr3 obtained using the MLP in the harmonic approximation
(0 K) and from an EHM at 500 K. (b) Potential energy landscape along the unstable M-mode calculated with MLP and DFT.
The inset shows the CsPbBr3 crystal structure (Cs purple, Pb gray, Br red) in the energy minima, for which the PbBr6 have
been tilted in-phase (visualization made with ovito [33]). (c, d, e) Lattice parameters and mode coordinates obtained from a
cooling run based on the isothermal-isobaric (NpT ) ensemble with phase transitions at approximately 300 K and 265 K.

jected on a mode λ, with the supercell eigenvector eλ via

Qλ(t) = u(t) · eλ and Pλ(t) = v(t) · eλ.

The autocorrelation functions (ACFs) of Q and P are
calculated in order to analyze the dynamics of the modes
of interest as

CQ(t) = 〈Qλ(t′)Qλ(t+ t′)〉 , (1)

which can be modeled as the ACF of a damped harmonic
oscillator (DHO). The DHO is driven by a stochastic
force and has a natural frequency ω0 and a damping Γ.
The ACF of the DHO splits into an underdamped regime
(ω0 > Γ/2) and an overdamped regime (ω0 < Γ/2). In
the underdamped regime the solution of the DHO is

CDHO
Q (t) = Ae−t/τ

(
cosωet+

Γ

2ωe
sinωet

)
, (2)

where ωe =
√
ω2

0 − Γ2

4 , the relaxation time is τ = 2/Γ,

and A is the amplitude [11]. In the overdamped limit the
solution becomes the sum of two exponential decays as

CDHO
Q (t) =

A

τL − τS

(
τLe−t/τL − τSe−t/τS

)
(3)

where

τS,L =
τ

1±
√

1− (ω0τ)2
.

Here, τS is a short timescale and τL is the long timescale.
If the natural frequency approaches zero (e.g., for con-
tinuous phase transitions driven by a soft-mode) we thus
expect τL →∞ and τS → τ/2. In this limit the resulting
ACF, CDHO

Q (t), would only consist of a single exponen-
tial decay, with a decay time approaching infinity, which
corresponds to the behavior seen in Brownian motion.

Similar expressions are obtained for the ACF of the

phonon velocity, which is CDHO
P (t) = − d2

dt2C
DHO
Q (t). For

the overdamped case it becomes

CDHO
P (t) =

A

τL − τS

(
1

τS
e−t/τS − 1

τL
e−t/τL

)
The ACFs for Q and P are fitted simultaneously to the
DHO model in order to extract ω0 and Γ.

The phase transitions in CsPbBr3, and similarly in
many other perovskites, are driven by the modes that
correspond to the tilting of the PbBr6 octahedra. These
modes are located at the M (in-phase tilting) and R (out
of phase tilting) points in the phonon dispersion for the
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FIG. 2. Mode coordinate Q(t) for the M-tilt mode at 500 K
(well above TC), at 350 K (close to TC) and at 280 K (below
above TC). The M-tilt mode is three-fold degenerate (x, y,
z) but here we only show Mz. At 280 K, the system switches
the tilt axis at irregular intervals. As a result one observes
Mz ≈ 0 at certain times.

cubic structure (Fig. 1a). They are three-fold degener-
ate corresponding to tilting around the three Cartesian
directions. These tilt-modes exhibit a double-well po-
tential energy surface (PES), which the MLP reproduces
perfectly compared to DFT (Fig. 1b).

The MLP predicts the cubic-tetragonal and tetragonal-
orthorhombic transitions at 300 K and 265 K, respec-
tively (Fig. 1c), which is lower than the experimental val-
ues of 400 K and 360 K [19, 21, 22, 24], a discrepancy that
can be primarily attributed to the underlying exchange-
correlation functional.

The mode coordinates of the tilt-modes are very use-
ful order parameters for analyzing the phase transitions
(Fig. 1d,e). At 300 K the system transitions from the
cubic to the tetragonal phase as seen in both the lattice
parameters and in the freezing in of one of the three
M-tilt modes (Mz). For the tetragonal phase two R-
modes (Rx and Ry) start to show larger fluctuations,
and at 265 K the system transitions to the orthorhombic
phase. Here, we also note the slight difference in charac-
ter between these two phase transitions. For the cubic-
tetragonal transition the order parameter and lattice pa-
rameter changes rather sharply at the transition temper-
ature TC (closer in character to a displacive transition),
whereas for the tetragonal-orthorhombic transition the
order parameter and lattice parameter change more grad-
ually around TC (exhibiting more order-disorder charac-
ter) in agreement with experimental observations of the
transition character [19].

The mode coordinates exhibit interesting dynamical
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FIG. 3. Auto-correlation functions (solid lines) of (a) the
highest optical mode at the R-point as well as the M-tilt mode
at (b) 500 K and (c) 350 K, along with fits to the DHO model
(dashed lines).

behavior already in the cubic phase, which can be conve-
niently observed in the time domain (Fig. 2). At 500 K
regular (phonon) oscillator behavior is observed, whereas
for 350 K (closer but still above TC) a slower dynamic
component becomes evident. Finally, at 280 K and thus
below the phase transition, one observes the common os-
cillatory motion superimposed on a long timescale hop-
ping motion between the two minima, corresponding to
the (degenerate) tetragonal phase (Fig. 1b) [54].

The mode coordinate can be analyzed by fitting the
respective ACFs to a DHO model (Fig. 3). The ACF
for a regular (underdamped) mode shows a clear oscil-
latory pattern as illustrated here by the highest optical
mode at the R-point with a typical relaxation time of
about 0.37 ps (Fig. 3a). For the M-tilt mode at 500 K
the mode is quite strongly damped (yet underdamped)
and the ACF decays quickly with a relaxation time of
about 0.58 ps (Fig. 3b). At 350 K, however, the same
mode is overdamped and in this case the DHO model
becomes the sum of two exponential decays, see Eq. 3,
with relaxation times τL =5.22 ps and τS =0.31 ps. It is
noteworthy that the relaxation time of the ACF at 350 K
is about ten-times longer than at 500 K. The DHO fits
still match the data surprisingly well for both the under-
damped and overdamped cases (see Fig. S8 for how the
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polations to guide the eye. The shaded region indicates the
overdamped regime.

two exponential decays behave for Q and P in the over-
damped case). When Γ/ω0 increases and the system be-
comes overdamped the dynamics of the modes is moving
towards the diffusive Brownian motion regime. For over-
damped modes the relaxation time of the ACF increases
as Γ/ω0 increases, opposite to the underdamped behav-
ior. While this is a well known feature of a simple one-
dimensional DHO, here we demonstrate this behavior for
phonon modes in a complex system. This phenomenon
arises due to the free energy landscape being very flat
close to the transition.As a result of the high friction it
therefore takes a long time for the DHO to move back
and forth around zero (Fig. 2c; also see Fig. S10 for the
power spectra) [55].

The frequencies and relaxation times of the M-tilt and
R-tilt modes are summarized as a function of temper-
ature in Fig. 4. The frequency ω0 softens significantly
with decreasing temperature for both modes, whereas
the relaxation times τ is more or less constant. We
note that the frequency ω0 decreases almost linearly
across the entire temperature range and does not follow
ω2

0 ∼ (T − TC) as sometimes seen for displacive phase
transitions [7, 56, 57]. The softening of the frequency
thus drives the modes to the overdamped limit with de-
creasing temperature. Remarkably, the M-tilt and R-
tilt modes only become underdamped above 480 K and
410 K, respectively, well above the transition tempera-
ture to the tetragonal phase at 300 K. At the cross-over
from the underdamped to the overdamped regime, the
two time scales τS and τL emerge. When approaching TC
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FIG. 5. Frequency of (a) M-tilt and (b) R-tilt as a function
of temperature from several SCP schemes as well as EHMs.

we see that τL increases exponentially, whereas τS → τ/2.

Lastly, we analyze the representation of these strongly
anharmonic modes by commonly used phonon renormal-
ization techniques, specifically different SCP schemes and
EHMs (Fig. 5) (see Note S5 and Note S6 for a more
detailed description of the methods). There are several
variations of SCPs [44], and here we employ three dif-
ferent ones SCP-alamode, stochastic self-consistent har-
monic approximation (SSCHA), SCP-hiphive. In SCP-
alamode the Green’s functions approach is employed as
implemented in the alamode software [50]. In SSCHA
the harmonic free energy is minimized using gradient
methods, as implemented in the software package sscha
[51]. In SCP-hiphive second order force-constants are ob-
tained from fitting with displacement sampled from the
harmonic model and forces obtained from the MLP as im-
plemented in the hiphive package [49]. The EHMs (in
this field also referred to as temperature-dependent po-
tentials) are constructed from fitting second order force-
constants to displacement and force data obtained from
MD with the MLP.

Here, we find a very similar behavior for both M-tilt
and R-tilt modes. The three SCP (SCP-hiphive, SSCHA,
SCP-alamode) methods employed here are in remarkable
agreement with each other given the differences in theory
and implementation between them. The SCP frequencies
systematically overestimate the frequency ω0 obtained
from the ACFs by almost a factor of two (see Note S5 for
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a more detailed description of the SCP methods). The
EHMs constructed by fitting the forces from MD tra-
jectories show good agreement with the mode projection
results. We note here that the trend for SCPs and EHMs
to over and underestimate frequencies, respectively, ap-
pears to hold for all modes in the system, which is in line
with previous studies [32, 58–60]. However, while EHMs
from MD yield a better frequency for the tilt mode com-
pared to SCP, this is not in general true (see Fig. S9 for
details).

To conclude, we have carried out a detailed compu-
tational analysis of the tilt-modes in CsPbBr3. Most
strikingly, we observe overdamped modes for the cubic
phase almost 200 K above the phase transition temper-
atures. These overdamped modes exhibit correlation on
very long time scales, much longer than the typical relax-
ation time or period of the mode. This is in line with the
dynamics transitioning toward Brownian motion behav-
ior. What we find here is that these modes can, however,
still be mathematically well described by a DHO, from
which one can formally obtain a phonon frequency and
relaxation time compliant with a quasi-particle picture.
A physically more intuitive description is, however, ob-
tained if the DHO model is described by two relaxation
times, which can be approximately associated with mode
coordinate and momentum, respectively.

In addition, we demonstrated that commonly used
computational phonon renormalization methods agree
very well with each other but exhibit systematic errors in
describing the frequency of anharmonic modes. Under-
standing the single-point frequency obtained from such
methods and its relation to the full dynamical spectra is
thus very important when, e.g., comparing with experi-
mental measurements.
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Supplemental Notes

Supplemental Note S1: Density functional theory calculations

Density functional theory (DFT) calculations were performed using the projector augmented-wave
method1 as implemented in the Vienna ab-initio simulation package2,3. To this end, the exchange-
correlation contribution was represented using the strongly constrained and appropriately normed
(SCAN) density functional4. The Brillouin zone was sampled with a Γ-centered grid with a k-point

density of 0.25 Å
−1

and Gaussian smearing with a width of 0.1 eV.

Supplemental Note S2: Training and validation of potential

A neuroevolution potential (NEP) model was fitted with the gpumd package (version 3.3.1)5,6. The
NEP is based on a neural network for which local atomic environments are described by smooth overlap
of atomic positions (SOAP)-like descriptors7 defined in Ref.8, here with radial and angular cutoff of
8 Å and 4 Å, respectively, and radial and angular order 12 and 6, respectively. The neural network
consists of one hidden layer of 40 neurons and a hyperbolic tangent activation function and was trained
over 210,000 generations using the natural evolution strategy9 implemented in gpumd. Both the L1

and the L2 norm were regularized using λ1 = λ2 = 0.02 (as defined in Ref6). The model was fitted
to forces, energies and virials from DFT calculation of 642 atomic structures with a total of 176 920
atoms, and validated against a set of 72 structures calculated with a total of 19 800 atoms. These
structures were generated by means of active learning, i.e., preliminary models were fitted and new
structures extracted from MD simulations based on those models were used to fit an updated model.

Supplemental Note S3: Molecular dynamics details

The phase transitions were studied with simulated annealing simulations in the isothermal-isobaric
(NpT ) ensemble with a supercell comprising 25 920 atoms.

The dynamics of the phonon modes were analyzed via phonon mode projections from MD simu-
lations in the microcanonical (NV E) ensemble with a supercell comprising 8640 atoms (12× 12× 12
conventional cubic cells). See Fig. S7 for size convergence. A total of 50 independent simulations
was carried out, each being 1 ns long for each temperature studied, and the autocorrelation func-
tions (ACFs) of the mode coordinates were averaged over the runs (see Fig. S6 for convergence test).
The lattice parameters used in these simulations were obtained from NpT simulations. For all MD
simulations a time step of 1 fs was used.

Supplemental Note S4: Force constant expansions

The potential energy surface (PES) can be expanded in a Taylor series in the atomic displacements u
relative to a set of reference positions r0

U = U0 +
1

2
Φαβ

ij uα
i u

β
j +

1

3!
Φαβγ

ijk uα
i u

β
j u

γ
k + . . . ,

where Φ are the force constants (FCs), Latin indices enumerate atoms, Greek indices enumerate
Cartesian coordinates, and the Einstein summation convention applies.

For all self-consistent phonons (SCP) results temperature specific fourth-order force constant po-
tentials (FCPs) were used. These FCPs were trained from MD simulations with the NEP.

Supplemental Note S5: Self-consistent phonons

There are several different variations of SCPs10. Here, we employ three variants as implemented in
alamode11, sscha12 and hiphive13.

The SCP implementation in alamode is based on Green’s functions.
In the sscha scheme the free energy of the harmonic model is minimized,

min
H

{FH + ⟨V − V⟩H} ,

2



where H the harmonic Hamiltonian and H is the anharmonic Hamiltonian. The first term is thus the
harmonic free energy, and the second term is the difference between the harmonic and anharmonic
potential evaluated in the harmonic ensemble.

In hiphive a force-fitting SCP is implemented as

min
Φ

〈(
fhar
i − fi

)2〉
H
,

where fhar
i are the harmonic forces that depend on the harmonic FCs Φ and fi are the anharmonic

forces. Here, the ensemble average is carried out in the harmonic ensemble, H.

Supplemental Note S6: Effective harmonic models from MD

Phonon renormalization can also be done by constructing effective harmonic models (EHMs) directly
from MD simulations by fitting the harmonic FCs to displacement and force data as follows

min
Φ

〈(
fhar
i − fi

)2〉
H

This approach has been popularized in the tdep package14.

Supplemental Figures

Figure S1: Parity plots for energies, forces, and virials for training (top) and test (bottom) data.
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Figure S2: Energy-volume curves for the cubic phase of CsPbBr3 from NEP and DFT calculations.
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4



Γ X M Γ R M Γ
−5

0

5

10

15

20

25

Fr
eq

ue
nc

y
(m

eV
)

NEP 0K NEP 400K DFT 400K
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from EHM for DFT and NEP constructed from the same training structures (MD at 400K).

0.0

0.5

1.0

1.5

2.0

2.5

Fr
eq

ue
nc

y
(m

eV
)

a)

SCP-hiphive QM
SCP-hiphive CL

300 350 400 450 500 550 600

Temperature (K)

0.0

0.5

1.0

1.5

2.0

2.5

Fr
eq

ue
nc

y
(m

eV
)

b)

SCP-hiphive FCP
SCP-hiphive NEP
SSCHA FCP
SSCHA NEP

Figure S5: (a) The M-tilt mode frequency vs temperature with the fourth order FCP using SCP-
hiphive quantum (QM) and classical (CL) sampling. (b) The M-tilt mode frequency vs temperature
with compared between fourth-order FCP and using the NEP model directly.

5



0.0

0.5

1.0

A
C

F

Simulation length 0.5 ns

0.0

0.5

1.0
A

C
F

Simulation length 5 ns

0 10 20 30 40 50

Time (ps)

0.0

0.5

1.0

A
C

F

Simulation length 50 ns

Figure S6: The ACF, CQ(t), of the M-tilt mode at 350K with different total number of time steps
considered in the ensemble averaging. A well converged ACF is obtained for 50 ns.

0 10 20 30 40 50

Time (ps)

0.0

0.2

0.4

0.6

0.8

1.0

A
C

F

size 4
size 6
size 8
size 12
size 16
size 20

Figure S7: The ACF, CQ(t), of the M-tilt mode at 350K for different system size (size N refers to a
supercell of N ×N ×N conventional cubic cells). Here, the sizes 12, 16, 20 produce almost identical
ACFs.

6



0.0

0.2

0.4

0.6

0.8

1.0

A
C

F

a)

ACF Q
exp τL

exp τS

Sum of exps

10−1 100 101 102

Time lag (ps)

0.0

0.2

0.4

0.6

0.8

1.0

A
C

F

b)

ACF P
exp τL

exp τS

Sum of exps

Figure S8: (a) The ACF of the mode coordinate, CQ(t), of the M-tilt mode at 350K. (b) The ACF of
the mode velocity, CP (t), of the M-tilt mode at 350K. The timescales are τL =5.22 ps and τS =0.31 ps.
Here, the solid lines corresponds to the raw ACF obtained from MD, the black dashed line corresponds
to the fitted DHO, the colored dashed line corresponds to the long-timescale exponential decay in of
the overdamped DHO and the dotted line corresponds to the short-time scale exponential decay.

300 350 400 450 500 550 600

Temperature (K)

18

19

20

21

22

23

Fr
eq

ue
nc

y
(m

eV
)

SCP-hiphive
SSCHA
SCP-alamode

Harmonic
MD Mode projection ω0

MD EHM

Figure S9: Temperature dependent frequency for the highest optical mode at R with different methods.

7



0

500

1000

Mode position Q

MD T=300
DHO Fit
ω0

SCP

0

1

2

Mode velocity P

0

50

100 MD T=350
DHO Fit
ω0

SCP

0

2

0

10

20
MD T=400
DHO Fit
ω0

SCP

0

2

4

0.0

2.5

5.0 MD T=500
DHO Fit
ω0

SCP

0

2

4

0 1 2 3 4 5

Frequency (meV)

0

2
MD T=600
DHO Fit
ω0

SCP

0 1 2 3 4 5

Frequency (meV)

0.0

2.5

5.0

Figure S10: Power spectra of the M-tilt mode at various temperatures for the position (Q) and
velocity (P ) of the mode. The solid lines are the raw spectra obtained from MD simulations, the
dashed colored lines correspond to the fits to the DHO, the dashed vertical lines correspond to ω0 from
the DHO and the dotted lines correspond to the frequency obtained from SCP.

8



0.0

0.5

1.0

1.5

2.0

2.5

Fr
eq

ue
nc

y
(m

eV
)

MD SED this work
Songvilay 2019

0.0 0.1 0.2 0.3 0.4 0.5
q [2, q, 0]

0.0

0.5

1.0

1.5

2.0

D
am

pi
ng

(m
eV

)

MD SED this work
Songvilay 2019
Delaire 2021

0.0 0.1 0.2 0.3 0.4 0.5
q [2-q, 2+q, 0]

MD SED this work
Songvilay 2019
MD mode proj this work

Figure S11: Phonon frequencies and phonon linewidths for Γ →X (left) and Γ →M (right) calculated
using the SED method from MD simulations compared to experimental data15,16 at 420K. The point
marked with a star correspond to the values obtained through phonon mode-projection. Solid lines
serve as guides to the eyes (polynomial fits to the MD data).

9



Supplemental Tables

Table S1: Comparison of structural parameters of the orthorhombic, tetragonal and cubic phase
between NEP and DFT.

Spacegroup Energy (meV/atom) a (Å) b (Å) c (Å)

NEP
cubic Pm3̄m (221) 17.589 5.9042
tetragonal P4/mbm (127) 4.659 5.7883 5.9791
orthorhombic Pnma (62) 0.0 5.6388 5.8751 5.9996

DFT (SCAN)
cubic Pm3̄m (221) 14.647 5.8987
tetragonal P4/mbm (127) 3.753 5.7788 5.9852
orthorhombic Pnma (62) 0.0 5.7032 5.8682 5.9451
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