Non-Markovian heat production in ultrafast phonon dynamics
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High-intensity THz laser pulses enable the light-mediated control of lattice vibrations by reso-
nantly driving selected phonon modes. On ultrafast timescales, memory effects influence the phonon
dynamics and must be accounted for to describe the heat production associated with energy dissipa-
tion. Here, we establish a microscopic framework for non-Markovian phonon dynamics by deriving
the noise and dissipation kernels governing a driven phonon mode. Using large-scale molecular dy-
namics simulations, we reconstruct these kernels directly from the many-body lattice dynamics and
determine the corresponding heat production rate. Our results provide a quantitative picture of
the crossover between Markovian and non-Markovian dynamics on picosecond timescales and show
how the finite bandwidth of the driving field limits the dynamically relevant bath spectrum. Fur-
thermore, we demonstrate that thermodynamic quantities such as heat production can be inferred
directly from the dynamics of an individual phonon mode, enabling their experimental measurement

using time-resolved spectroscopy.

Intense THz laser pulses enable the selective excita-
tion and coherent control of optical phonon modes [1-3].
Driving the lattice along specific vibrational coordinates
has opened nonthermal pathways to metastable phases
[4-10], phonon-induced magnetism [11-23], and ultrafast
magnetic switching [24, 25]. These advances raise a fun-
damental question: how is heat produced when a solid is
driven far from equilibrium on picosecond timescales?

Recent theoretical work has begun to frame laser-
driven phonons within stochastic thermodynamics, high-
lighting the interplay of fluctuations and dissipation in
generating heat and entropy [26-28]. In such descrip-
tions, the driven mode acts as a subsystem coupled to an
effective bath formed by the remaining lattice degrees of
freedom. Energy transfer from coherent motion into this
bath enhances fluctuations and results in entropy pro-
duction. However, the microscopic structure of this bath
and the validity of Markovian assumptions under strong
driving remain largely unexplored.

Here we establish a microscopic framework for ultra-
fast thermodynamics that resolves heat production at the
level of individual phonon modes. By combining large-
scale molecular dynamics (MD) simulations with a mode-
resolved theoretical description, we obtain deterministic
access to the full many-body lattice dynamics and project
it onto normal-mode coordinates. This approach enables
a direct and quantitative comparison between atomistic
simulations and stochastic effective theories. From this
comparison we derive a non-Markovian Langevin equa-
tion for a laser-driven phonon mode and identify the mi-
croscopic origin of memory effects in terms of mode-mode
coupling.

We show that far-from-equilibrium driving generates
a highly structured effective bath whose spectral density
is dominated by discrete phonon modes rather than a
continuum. Despite this structure, a Markovian approx-
imation can remain quantitatively accurate once the fi-
nite frequency resolution of the driving field is taken into

account. Our results clarify when simplified stochastic
descriptions capture ultrafast heat production and when
genuinely non-Markovian effects become essential.

As a concrete realization we consider the ferroelectric
soft mode of the perovskite STO, a prototypical quantum
paraelectric with strongly anharmonic lattice dynamics
[9, 18, 26, 29]. Its proximity to structural instability and
pronounced temperature-dependent softening make it an
ideal platform for exploring nonequilibrium phonon ther-
modynamics (Supp. Note 1) [30-34]. While the material
serves as a representative example, the framework de-
veloped here is general and applicable to driven lattice
systems more broadly.

To capture the interplay of lattice instabilities, fluc-
tuations, and dissipation beyond harmonic models, we
employ a machine-learned interatomic potential (MLIP)
trained within the neuroevolution potential (NEP)
framework [35-38] as an efficient emulator of density
functional theory (DFT) calculations [39—41] using the
van-der-Waals density functional with consistent ex-
change [42, 43]. This description accurately repro-
duces the relevant lattice dynamics and anharmonic cou-
plings governing energy redistribution. To investigate the
nonequilibrium dynamics of the ferroelectric soft mode
following optical excitation, and to analyze the associated
dissipation mechanisms and thermodynamic changes, we
performed a large ensemble of MLIP-MD simulations. In
these simulations, the laser pulse was modeled as an ef-
fective time-dependent driving force F,(t) acting directly
on the soft-mode amplitude,

1(t—t9)?

F1,(t) = BZE exp (—2 =

) cos (wrt). (1)
Here, Z denotes the mode effective charge [44], which is
Z ~ 1.2et/y/Da (see Supp. Note 8), and 3 accounts
for the screening of the electric field within the sam-
ple, approximated as § = 0.215 [29]. We used a force
amplitude of 22.2 @A/psz, corresponding to an elec-
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(a) Schematic illustrating of STO driven by a THz laser pulse, leading to pumping of the ferroelectric mode, which

on decay leads to the ultrafast generation of heat. The inset shows the primitive unit cell. (b) Phonon band structure along
a high-symmetry path through the Brillouin zone. Solid blue lines show the harmonic dispersion corresponding to the zero-
temperature limit. The green color map shows the spectral energy density representing the dispersion at 300 K. The ferroelectric
mode (marked A), has a pronounced temperature dependence. The other Imodes are labeled B through D (see Fig. S3 for
a more explicit illustration of their temperature dependence). (c) Excitation field due to the laser (in orange; with envelope
indicated) and the mode amplitude of the ferroelectric mode (in blue) as a function of time. The inset shows the sampling of the
phase space of the driven mode as a kernel-density map over the distribution of trajectories with markers representing specific
simulations at approximately 5.59 ps corresponding to the maximum amplitude. The line shows the average path through phase

space up to this time.

tric field of F ~ 860kV cm ™!, comparable to values em-
ployed in recent experiments [2, 18, 20, 25, 29]. The
pulse duration was set to 7 = 1ps with its peak cen-
tered at ¢y = 5ps (Fig. 1c), and the central frequency
w =~ 3.66 THz was chosen close to resonance with the
computed room-temperature soft-mode frequency of ap-
proximately 3.84 THz (Table S1).

We obtain the time-dependent mode coordinates @ (t)
for a phonon mode A\ = (k,n) by projecting each MD
configuration onto the corresponding phonon eigenvec-
tors [45—47]. For the ferroelectric soft mode at the T’
point, QA = Qo,1, this projection yields

1
Qa = \/T Z meefana, (2)

where N, is the number of unit cells and e/, denotes

the normalized eigenvector of the soft mode at I', with
v and « labeling atomic species and Cartesian direction,
respectively. Here, m,, is the atomic mass and 772, the
Fourier component of the atomic displacement at the I'-
point. The mass-weighted mode coordinate Qo thus has
units of vDa A.

The laser excitation drives the soft mode to a maxi-
mum amplitude of almost 0.3 v/DaA (blue line in Fig. 1c).
Because the pulse duration (1 ps) exceeds the oscillation
period of the mode, several coherent oscillations occur
during the driving. However, the strong damping of the
ferroelectric soft mode limits its lifetime to a timescale
comparable to the pulse duration, and the amplitude
rapidly relaxes toward equilibrium once the driving field
vanishes. This pronounced damping reflects the energy

transfer from the driven mode to the surrounding lattice
degrees of freedom.

To interpret the phonon dynamics and associated en-
ergy transfer processes observed in the MD simula-
tions, we formulate an ultrafast stochastic thermody-
namic framework based on a classical phonon—bath cou-
pling model. A full quantum mechanical treatment is dis-
cussed in Ref. [27]. Here we focus on the classical limit
appropriate for the large-amplitude, finite-temperature
dynamics considered in this work. We partition the
phonon system into the driven ferroelectric soft mode
and an effective bath comprising all remaining lattice de-
grees of freedom, and describe their coupled dynamics by
the classical Lagrangian [48],

42
L= @ 1W?AQQA + FL(t)Qa
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Here, Qa(t) denotes the amplitude of the ferroelectric
mode defined in Eq. (2), Qa(t) its generalized velocity,
and wp its angular frequency. The laser force F,(t) is
given by Eq. (1). The bath is represented by a large set
of harmonic modes indexed by . Although real phonon—
phonon interactions involve anharmonic couplings of var-
ious polynomial orders, a linear mode—bath coupling
term k;QaQ; provides an effective description of dissi-
pation and energy transfer from the soft mode at the
level of coarse-grained dynamics.

Eliminating the bath degrees of freedom yields the ef-
fective equation of motion for the soft mode (see Supp.
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(a) Total energy and heat production rate ¢(t) during pulse, where ¢(¢) is obtained as the time derivative of the total

energy. (b) Deviation in heat production rate between simulation and theory. (c) Noise PSD F [(£(t)€(0))] of the ferroelectric
mode (A in Fig. 1b) in comparison with the density of states (DOS). The vertical dashed lines indicate the frequencies of the

I-point modes (see Fig. S4 for the noise PSDs for all modes).

Note 9 for details),

Oa+wiQa+ / ds f(t— 5) Qals) = Fu(t) + Ea(t),
(4)

which takes the form of a generalized Langevin equa-
tion. Dissipation is governed by the memory kernel f(¢)
through the convolution term, where

K (w)

fo= [ v

cos(wt), (5)

and depends on the phonon density of states D(w) and
the mode-bath coupling strength x(w). The stochas-
tic force £(t) is a Gaussian colored noise with correla-
tion function n(t) = (£(¢)£(0)) satisfying the classical
fluctuation—dissipation theorem in the Fourier domain,

F )] =ksT F[f(1)], (6)

where F[-- -] denotes the Fourier transform. The quan-
tity F [n(t)] corresponds to the power spectral density
(PSD) of the stochastic force and, according to Eq. (5)
and Eq. (6), is proportional to D(w)x?(w)/w? up to a
temperature factor.

The generalized Langevin equation (4) describes non-
Markovian dynamics due to the memory kernel entering
through the convolution term. In practice, however, the
kernel f(t) can often not be directly accessed from sim-
ulations or experiments. If f(¢) can be approximated as
time-local, the equation of motion reduces to

Qa +wiQa +7aQa = FL(t) + (), (7)

where yp denotes the damping rate and wp the renor-
malized soft-mode frequency. In this limit, QA (¢) follows
Markovian dynamics [26].

To extract the stochastic force &a(t) from the MD
simulations, we project the atomic forces (excluding the
laser force Fi,(t)) onto the phonon eigenmodes (Supp.
Note 6). For the modes at I', including the ferroelec-
tric soft mode A, we perform a least-squares fit of the
total mode force to the form w3Qx(t) + 1 Qa(t) to de-
termine the renormalized frequencies w) and damping
rates 7. Frequency shifts induced by anharmonic inter-
actions are thus absorbed into wy, while energy dissipa-
tion into other modes is captured by . The stochastic
force £,(t) is identified as the residual after subtracting
the harmonic and friction contributions. After this fit-
ting procedure, the dynamics of the soft mode coordi-
nate (Qa(t) in Fig. 1c) is fully captured by the time-local
Langevin equation Eq. (7), upon averaging over the zero-
mean stochastic force. The parameters are given by the
soft mode frequency ws = 3.84 THz and the soft mode
damping v4 = 0.35 THz (Table S1).

The increase in the total energy of the system, AE(t),
relative to its pre-pulse value can be interpreted as the
net heat deposited into the lattice due to the work per-
formed by the laser. This energy change can be written
as an integral over the heat production rate ¢(t),

AE(t) :/ dr¢(r). (8)

— 00

In the MD simulations, AE(t) is obtained by summing
the kinetic and potential energies of all atoms (green line
in Fig. 2a). The total energy increases rapidly during
the pump and saturates shortly after the pulse, indicat-
ing that the energy deposition process is essentially com-
pleted within 3ps. The instantaneous heat production
rate ¢(t) is computed as the time derivative of the total
energy. It oscillates during the pulse and reaches a max-
imum near 5 ps, consistent with the soft-mode dynamics
(blue line in Fig. 1c). The small negative contribution



around 6 ps arises from the slight frequency mismatch
between the laser and the soft mode.

Within the stochastic thermodynamic description
based on on the generalized Langevin equation (4), the
heat production rate can be evaluated analytically. At
the level of a single trajectory, the time derivative of the
internal energy Uy (t) of the soft mode is given by

Ua(t) = FL(H)QA(t) + AQ. 9)

The first term represents the work rate performed by the
laser on the soft mode. The second term quantifies the
stochastic energy flux from the thermal bath into the soft
mode,

AQ = [fA(t) - /_too ds f(t —s) QA(S)] °Qa. (10)

Here, o denotes the Stratonovich product [49]. Taking
the ensemble average and using the first-law relation, the
heat production rate becomes

i) = (Ua) = 2QW) = (FLOQa®), (1)

where (--+) denotes the ensemble average over stochastic
trajectories. The heat production rate is therefore deter-
mined by the correlation between the laser force and the
velocity of the driven phonon mode.

The form of Eq. (11) is general, while non-Markovian
effects enter through the dynamics of @ 4(¢) governed by
the generalized Langevin equation Eq. (4) with memory
kernel f(t). Using the Markovian approximation Eq. (7)
together with Eq. (11) yields the theoretical prediction
shown as the orange line in Fig. 2a. Comparison with
the MD result (blue line) shows very good agreement, al-
though the theory slightly overestimates the peak value
(Fig. 2b). This agreement confirms that the stochastic
thermodynamic description captures the essential mech-
anisms governing energy transfer during ultrafast lattice
excitation.

To shed light into the form of the actual memory ker-
nel f(t) we compute the PSD of the zero-mean stochastic
forces using the Fourier transform of the autocorrelation
function (£(t)£(0)). By construction, the PSD vanishes
at the respective eigenfrequency of each mode. The PSDs
are clearly non-uniform, demonstrating that the effective
noise is colored (Fig. 2¢; Fig. S4). Comparison of the
PSD for the ferroelectric soft mode A with the phonon
density of states D(w) shows that the spectral structure
does not simply follow D(w), highlighting the role of
the coupling strength k(w). In particular, the PSD for
mode A exhibits a pronounced peak at wg = 5.26 THz,
revealing strong coupling to mode B. Applying the same
analysis to the remaining I'-point modes shows a much
weaker coupling to mode D and no observable coupling
to mode C, consistent with modes A and C belonging to

different symmetry representations (see Table S1). Sim-
ilar spectral features have previously been observed in
time-resolved X-ray scattering experiments [29)].

The structured PSD indicates a nonlocal friction ker-
nel and thus, in principle, non-Markovian dynamics ac-
cording to Eq. (6). However, the observed soft-mode
dynamics is well captured by the Markovian equation
Eq. (7). This apparent discrepancy can be understood
by considering the finite frequency resolution of the laser
pulse. The driven response of the mode is governed by
the product of the frequency response function y(w) de-
fined in Supp. Note 9 and the spectral profile of the
driving field Fp,(w). Because the pulse duration 7 = 1ps
is much longer than the soft-mode period, the spectrum
of the driving field is narrowly peaked around wy,. Within
this restricted frequency window, the response function
varies only weakly and can be approximated by its local
expansion, effectively yielding a constant damping rate
v. As a result, the non-Markovian dynamics reduces to
an effective Markovian form on the timescale set by the
pulse. For shorter pulses with broader spectral band-
width, deviations from Markovian behavior are expected
to become observable, as illustrated in [27].

In conclusion, we have developed a microscopic frame-
work to quantify non-Markovian heat production in ul-
trafast phonon dynamics by integrating large-scale MD
simulations with a stochastic, mode-resolved theoretical
description. Using a MLIP with near-DFT accuracy, we
resolved the full many-body lattice dynamics of a realis-
tic solid, projected them onto phonon normal modes, and
reconstructed the structured effective bath governing a
laser-driven phonon mode. This approach establishes a
direct bridge between deterministic atomistic simulations
and stochastic thermodynamics, enabling the extraction
of memory kernels and bath spectral densities from first
principles.

The resulting generalized Langevin description quan-
titatively reproduces the ultrafast dynamics observed in
the simulations and reveals strongly mode-selective en-
ergy transfer within the lattice. We show that the
heat production rate can be inferred directly from the
driven-mode dynamics, yielding excellent agreement with
the fully atomistic simulations. Our analysis further
demonstrates that far-from-equilibrium driving generates
a highly structured bath with a non-uniform PSD, reflect-
ing discrete phonon couplings rather than a featureless
continuum. Nevertheless, the finite frequency bandwidth
of the driving pulse limits the dynamically relevant spec-
tral window, such that an effective Markovian description
remains accurate on picosecond timescales.

While illustrated here for the ferroelectric soft mode
of STO, the framework is general and applicable to
driven lattice systems beyond this specific material re-
alization. Our results provide a quantitative and mode-
resolved understanding of how dissipation, heat pro-
duction, and fluctuations emerge in strongly driven



solids. More broadly, this work establishes a route to-
ward first-principles-informed ultrafast thermodynamics,
where non-Markovian effects can be identified, quanti-
fied, and systematically explored in experiments on quan-
tum materials.
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Supplementary Notes

Supplementary Note 1: Strontium titanate (SrTiO3)

SrTiO3 (STO) provides a prototypical platform for studying the ultrafast thermodynamics of lattice instabilities.
At ambient temperature and pressure, it crystallizes in a cubic perovskite structure (Pm3m), while upon cooling
around 105 K it undergoes a structural phase transition to a tetragonal phase (I4/mcm) [1-3]. This transition is
driven by a soft phonon mode associated with out-of-phase rotations of the oxygen octahedra. In the harmonic
phonon dispersion of the cubic phase, this instability manifests itself as a zone-boundary mode at the R point
with an imaginary frequency, reflecting the tendency toward octahedral tilting already at zero temperature
(Figure 1b). The presence of such a lattice instability at the harmonic level highlights the strongly anharmonic
nature of the lattice dynamics in STO.

In addition to this zone-boundary instability, STO hosts several low-energy optical phonons at the Brillouin-
zone center. The ferroelectric soft mode that is the focus of the present work appears as the lowest of four zone-
center modes in the phonon dispersion (mode A in Figure 1b). Its frequency exhibits a pronounced temperature
dependence, varying from approximately 0 THz close to zero temperature to about 2.7 THz at room temperature
[4], characteristic of soft-mode behavior. This tunability is exploited in state-of-the-art pump—probe experiments
to achieve resonance between the ferroelectric mode and THz laser pulses through temperature control of the
material. While the softening of mode A upon cooling signals an incipient ferroelectric instability, long-range
ferroelectric order is suppressed by quantum nuclear effects, stabilizing a quantum paraelectric phase in the
T — 0 limit [5]. This fluctuation-driven stabilization underscores the central role of fluctuations in governing
the dynamics and thermodynamics of the ferroelectric soft mode.

Capturing this interplay between lattice instabilities, fluctuations, and dissipation requires a description that
goes beyond harmonic or weakly anharmonic models. In the present study, we therefore employ a MLIP based
on the neuroevolution potential (NEP) framework (Supp. Note 2) as an efficient emulator for density functional
theory (DFT) calculations (Supp. Note 4), using the van-der-Waals density functional with consistent exchange.
While this functional does not predict the ferroelectric mode to be unstable in the harmonic limit, the mode
remains soft (Figure S3). We note that the corresponding energy landscape is sensitive to strain as well as to
the treatment of exchange—correlation, leading to uncertainties in transition temperatures [6]. Nevertheless, the
essential lattice dynamics and mode couplings relevant for the present work are well captured.

Supplementary Note 2: Training of the machine-learned interatomic potential

We trained a MLIP within the NEP framework. For this purpose, we used the GPUMD [7, 8] and CALORINE
packages [9]. The NEP architecture employs a shallow neural network in which the local atomic environment
is represented by the descriptor introduced in Refs. 7, 10. The radial and angular cutoffs were set to 8 A and
4 A, respectively. The descriptor was parameterized with nmy. = (8,6) and lp. = (4,0), and the hidden
layer dimension was chosen as 40. Both the L; and Ly norms of the parameter vector were regularized with
A1 = A2 = 0.1. Training was performed using the separable natural evolution strategy (SNES) algorithm [11]
with energies, forces, and virials obtained from DFT calculations.

The model was trained using the iterative strategy described in Ref. 12. The training set comprised cubic and
tetragonal primitive cells at different volumes and cell shapes, as well as molecular dynamics (MD) snapshots
from 4 x 4 x 4 (320 atoms) supercells at temperatures ranging from 0K to 500 K. In addition, structures with
imposed tilt modes and ferroelectric distortions were included. The MD structures were generated using a
preliminary NEP model and selected based on model uncertainty, estimated from an ensemble of independently
trained models [12]. The final NEP model was trained on the complete dataset accumulated during this iterative
refinement procedure.

Supplementary Note 3: Validation of the MLIP model

The accuracy of the NEP model is illustrated in the parity plots (Figure S1). The root-mean-square errors
(RMSESs) for the validation set are 1.3 meV /atom, 82meV /A, and 14 meV /atom for energies, forces, and virials,
respectively.

Additionally, we validated the model by computing the harmonic phonon dispersion for several lattice
parameters and comparing the results with DFT calculations (Figure S2). In these calculations, we employed
4 x 4 x 4 supercells (320 atoms) and the PHONOPY package [13]. The agreement between the NEP predictions
and the DFT results is very good, notably this also applies to the unstable modes with strong anharmonicity.
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Supplementary Note 4: Density functional theory calculations

The reference energies, forces, and virials used for training the MLIP model were obtained from DFT calculations
employing the van der Waals density functional with consistent exchange (vdW-DF-cx) [14, 15] and the projector
augmented wave method [16, 17|, as implemented in the Vienna Ab initio Simulation Package [18]. An energy
cutoff of 520eV was used for the plane-wave basis. The Brillouin zone was sampled using a Monkhorst—Pack
grid with a maximum k-point spacing of 0.19/A. The Born effective charges (BECs) of the primitive cubic
structure were computed using density functional perturbation theory with the PBEsol functional [19].

Supplementary Note 5: Molecular dynamics simulations

All MD simulations were performed using GPUMD [7, 20]. A timestep of 1fs and an equilibration time of 50 ps
were used throughout.

The simulations were carried out in supercells of size 12 x 12 x 12 cubic primitive cells (8640 atoms). The
time-dependent mode coordinates Q(t) for a phonon mode A = (k,n) were obtained by projecting each MD
snapshot onto the corresponding phonon eigenvectors [21, 22| as implemented in the DYNASOR package [23]. In
particular, for the modes at the I" point (k = 0), we compute

(1) = 7= Y Vearia(t), &

where N, denotes the number of unit cells and e, is the normalized eigenvector. The ferroelectric soft mode A
corresponds to n = 1. Here, v and « label the atomic species and Cartesian directions, respectively, m, is
the atomic mass, and 7,4 (t) is the I'-point Fourier component of the atomic displacement. The mass-weighted
coordinate @, therefore has units of vDaA. The mode coordinates for all other phonon modes were obtained
analogously. Results from the non-equilibrium simulations were ensemble averaged over 1000 independent
realizations.

Supplementary Note 6: Extraction of the stochastic force from MD

The full character of the stochastic force £(¢) in the Langevin model can be investigated from MD simulations.
To this end, we write the total force, Fiot(t), acting on a mode coordinate, @(t), as a sum over a harmonic
force, a damping term, and a stochastic force, in the Langevin equation

Fiot(t) = —w?Qu(t) — 7Qa(t) + £(2), (2)

where w is the frequency, 7 is the damping, Q(t) and Q(t) are the mode coordinate and generalized velocity
(or momentum), respectively. The total mode force, Fio(t), can be recorded from MD simulation by projecting
the atomic forces onto the phonon eigenmode. Qx(t) and Qx(t) are obtained in the same fashion. Next, the
frequency, w, and damping, v, are obtained by fitting the MD data to Eq. (2) excluding the stochastic force
&(t) term. Once w and «y are known, the stochastic force £(t) and its autocorrelation function (£(¢)¢(to)) can
be computed along the MD trajectory. This is done in equilibrium NVE simulations (no laser active) at 300 K
and the results are shown in Figure S5. We run simulations of length 5ns to compute (£(7)&(to)).

Supplementary Note 7: Mode potential energy landscapes

Next, we inspect at the coupling of the potential energy landscapes between modes A, B, C, and D. Figure S6
shows the energy landscape for modes B, C, and D for different amplitudes of mode A, @Qa. This demonstrates
that when mode A is activated, Qa # 0, the energy landscapes for the other modes change, representing mode—
mode coupling. For Mode B, the energy landscape changes drastically when mode A is activated, indicating
strong coupling. Mode C is almost unaffected by mode A, consistent with A and C belonging to different
irreducible representations (Table S1). Finally, the effect of mode A activation on mode D is notable but
smaller than for mode B, indicating intermediate coupling.

Supplementary Note 8: Mode effective charge

In line with cubic symmetry, we choose the soft mode to be excited along the Cartesian z-direction, where the

components of the normalized eigenvector e, are given by
4., = 0.801 edw , = ex , = —0.219 en, =0
e . = 0.469 e, = —0.174 er. =0

The Born effective charge tensor Z7 5 is given by
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Sr 2.55229 0 0

0 2.55216 0

0 0 2.55223
Ti 7.41265 0 0

0 7.41263 0

0 0 7.41265
Oy —2.04370 0 0

0 —2.04363 0

0 0 —5.87752
Oz —2.04370 0 0

0 —5.87752 0

0 0 —2.04368
Oy —5.87754 0 0

0 —2.04363 0

0 0 —2.04368

The mode effective charge including the mass factor is calculated as

~ * 7*
75 =3 eh Tref _NT A Zvie 9022, (3)
B va  —— ve  —
v,a My v My

The corresponding units are e /v/Da.
In contrast, the mode effective charge without the mass factor is given by

ZE = Zell}a :aﬁ = Zel[}mz:ww = 745777 (4)
with unit et.

Supplementary Note 9: Microscopic model of the stochastic thermodynamics

In this section, we employ the classical version of the Claderia-Leggett model [24-26] to derive the generalized
Langevin equation of the soft mode in the main text, and analyze the Markovianity and the impact of the
ultrafast driving on dynamics in the Fourier domain.

System and equations of motion

Consider a system of interacting phonons modeled as coupled classical harmonic oscillators. The Lagrangian

for this system is given by:
Q? W? Ki g
E oo Tan) | o)

where Qo represents the phonon mode of interest with frequency wa, and @); corresponds to environmental
modes with frequencies w;. The 7 is a two-component index (A, k) with A and k being band index and wavevector,
respectively. FT,(¢) denotes the external driving force referred to in the main text, which, for a laser excitation,
is determined by the mode effective charge and the screened electric field. The coupling between Qa and
environmental modes is mediated by second-order phonon-phonon interactions with strength ;.

The Euler-Lagrange equations yield the equations of motion

Q&

/3:2

2
~ QA L)@ + >

d 0L oL
o, =0 12071727"'7 6
wiog o = U ) (6)

resulting in the coupled equations
2
. 2 K‘i . ‘ .

Qa +wiQa + Z 2208 = FL(t) + Z KiQi, (7)
Q1+w12Q1 :KfiQAv (Z: 1a2a) (8)
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The formal solution to Eq. (8) can be expressed as

b sinfw; (t — s)]

Qi(t) = A; sin(w;t) + B; cos(w;t) + ﬁi/ Qa(s)ds, (9)

to Wi

with initial conditions B; = Q;(to) and A; = Qi(to) Jw;. Applying integration by parts, allows us to rewrite
Eq. (9)) as
. Rj
Ql(t) = Ai s1n(wit) =+ B/L' cos(wit) + PQA(t)
[t . (10)
- cos(w;t)Qa(to) — —2/ cos|w;(t — $)]Qa(s)ds.

i i Jito

Substituting Eq. (10) into Eq. (7) and setting Q4 (o) = 0, we obtain the following reduced equation for Q4,
N 2 gt )
Qa +wiQa + Z % / cos|w;(t — 8)|Qa(s)ds = FL(t) + Z ki [A; sin(w;t) + B; cos(w;t)] -
i i Vto i

By explicitly introducing the spectral density of the bath J(w), which is defined as

2

K; N
J(w) = Z Es(w w;). (11)
If the density of the state of the bath D(w) is known, J(w) can be expressed as
2
J(@) = D) ) (12)
With the definition Eq. (11) we have
¢
Ga+ Q[ f(t-9)Quls)ds = Filt) + €00 (13)
to
where
&) = Z ki [A; sin(w;t) + B; cos(w;t)]
= Z % {Sin(wz‘t)Qi(to) +w; COS(Wit)Qi(to)} (14)

represents noise originating from the initial conditions of environmental modes and the nonlocal friction kernel

ft) = /OOO dw J((:J) cos(wt), (15)

characterizes non-Markovian dynamics. )
Assuming Gaussian distributed initial positions Q;(to) and velocities Q;(tg) of environmental modes with
zero ensemble averages, we find

Rg [ . .

(€)= D = [sin(wit) (Qilto)) +wi cos(wit) (Qu(to))] = 0. (16)

The noise correlation function is derived as
2

(D)) = Y = [sin(ewit) sin(wit') (2 (t0) + cos(wit) cos(wit') (w? Q¥ (t0))

7 3

= kgT /000 dw JE:U) cos[w(t —t')], (17)

where statistical independence between different modes (Qi(to) and Q;(tp)) has been assumed. The third
equality assumes as initial condition thermal equilibrium at temperature T (with kg denoting Boltzmann’s
constant). From (Eq. (17) and Eq. (15) the fluctuation-dissipation theorem reads

(€@®)E(t) = ksTf(It — ') (18)
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The Fourier transformation of the noise autocorrelation function (£(¢)&(tp)) is

F(&(T)E (o)) (w) = ksT /DO dw’J(Qj/) /OO dr cos(w'T)e T

0 W —00

= kT /OO dw’ JEUW/) [6(w—w') +6(w+ w)]

/

AT (19)
wl
Impact of external driving on Markovianity
In the Fourier domain, the solution of Eq. (13) by extending ¢, to the remote past reads
~ Fr(w +§ w
Oalw) = L) (20)
wi —w? +iwf(w)
where Fi,(w) and £(w) are obtained via standard Fourier transformation
o .
F(w) = / dt Fy,(t)e ™, (21)
— 00
fo)= [ dese, (22

Ew) = / dre(t)e e, (23)

Considering Eq. (15), we have

; J(|wl])
fw) o : (24)
jwl
while the imaginary part is given by the principal value.
We now define the frequency response function
() = : (25)
X Wi —w? +iwf(w)’
the ensemble-averaged response becomes
(Qa(w)) = x(w)Fr(w). (26)

Hence, the distribution of Fy,(¢) in the Fourier domain has a fundamental impact on the dynamics. A short
pulse (small 7) corresponds to fast driving, yielding a broad Fy,(w) that excites many frequency components
within the effective band of x(w). In contrast, a long pulse (large 7) corresponds to slow driving, with a narrow
spectral distribution that mainly probes the vicinity of wa. In this sense, ultrafast driving can serve as a
frequency-resolved probe of the system.
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Supplementary Tables

Table S1: Zone-center phonon modes in SrTiO3. Frequencies are obtained from MD simulations at 300 K. The
irreducible representations (irreps) are obtained from the direct product representation of the five-dimensional
permutation representation I',, for the point group Oj and the 5 unit cell sites with the vector representation
I', = Th, [27]. Using GTPack (28], we obtain I'), Ty, =~ 4Ty, & T5,.

Mode Frequency (THz) Damping (THz) Irreps
A 3.84 0.34 T
B 5.26 0.28 Ty
C 7.59 0.33 Ty
D 15.74 0.50 Ty
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Figure S1: Parity plots for energies, forces, and virials for the training and validation sets comparing the
predictions of the NEP model with reference data from DFT calculations.
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Figure S2: Phonon dispersions for cubic SrTiO3 from DFT and NEP calculations for different lattice param-
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Figure S3: Temperature dependence of I'-point modes. The vertical lines indicate the frequencies in the
harmonic limit (also see Figure S2 and Figure 1b in the main text). The blue lines show the spectral energy
density at the I'-point sampled at 300 K.

S8



2 . . . 1.0

S AB C D

g 1o 1082
— =}
S {068
Yy S
Zo05 | 1042
K N S
a i o)
8 1

3 0.0 — I 0.0
=z 0 5 10 15 20

Frequency (THz)

Figure S4: Noise power spectral densitys (PSDs) for I'-point modes in comparison with the density of states
(DOS) (gray filled region). The vertical lines indicate the frequencies at 300 K (see Figure S3).

Mode A Mode B Mode C

= JAV/\\/\V/\V/\V/\U/\V, VMVAVAVAV[\VAVAV[\V J\Vﬂununul\uf\v/\wﬂvﬂvﬂ NUAUI\V
il

< AVA\]/\V[\U/\\/I\UAVM JI\VAVI\V/\V/\,MV[\VI\VI\VI\V : =VU =Vl\vl\vﬂ
Wy

o0 05 10 15 2000 O05 10 15 20 00 05 10 15 20 00 05 10 15 20
Time (ps) Time (ps) Time (ps) Time (ps)

Figure S5: Mode projections along an equilibrium MD simulation for the four zone-center modes (A-D). Here,
only a short 2 ps interval is shown to clearly visualize the oscillations in the time signals.
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