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ABSTRACT: Inorganic clathrates have been extensively investigated owing to
their unique and intriguing atomic structure as well as their potential as
thermoelectric materials. The connection between the chemical ordering and
the physical properties has, however, remained elusive. Here, this relation is
uncovered through a combination of first-principles calculations, atomistic
simulations, and experimental measurements of thermodynamic as well as
electrical transport properties. This approach is, specifically, used to reveal the
existence of an order−disorder transition in the quaternary clathrate series
Ba8AlxGa16−xGe30. The results, furthermore, demonstrate that this phenomenon
is responsible for the discontinuity in the heat capacity that has been observed
previously. Moreover, the unusual temperature dependence of both Seebeck
coefficient and electrical conductivity can be fully explained by the alterations of the band structure brought about by the phase
transformation. It is finally argued that the phenomenology described here is not limited to this particular material but should be
present in a wide range of inorganic clathrates and could even be observed in other materials that exhibit chemical ordering on at
least one sublattice.

■ INTRODUCTION
Since their discovery, inorganic clathrates have fascinated and
intrigued the scientific community because of their complex
crystal structure and interesting physical properties.1−3 Their
usefulness for thermoelectric applications was recognized,
when it was hypothesized, and later proven, that semi-
conducting materials with host−guest structures could be
potential realizations of the “phonon glass−electron crystal”
concept.4 The most relevant and well-studied members of this
group consist of alkali or alkaline earth “guest” atoms that are
trapped inside a “host” framework, made up of elements from
groups 13 and 14 of the periodic table.2,3 In this study, we
consider a type I clathrate, which is by far the most widely
explored subclass. This collection of materials belongs to space
group Pm3̅n (international tables of crystallography number
223) and is represented by the chemical formula A8BxC46−x,
where A corresponds to the guest, while B and C are host
species. The structure consists of a framework that
incorporates two types of cages in the form of large pentagonal
dodecahedra and smaller tetrakaidecahedra, which are centered
at Wyckoff sites 6d and 2a, respectively (Figure 1a). Each of
these cages contains a single guest atom, which is often
assumed to be located at the center, while the host atoms are
distributed between three sites (6c, 16i, and 24k).
Although type I clathrates have long been believed to be

thermally stable, a recent study5 has revealed that this is not
the case. While this investigation clearly shows that
Ba8Ga16Ge30 starts to decompose at elevated temperatures,
this phenomenon cannot account for all the inconsistencies in

the reported high-temperature (HT) properties.6−11 In
particular, this explanation is not consistent with the fact that
the transformations, which give rise to the peculiarities in the
property measurements, in many instances appear to be
reversible.7 Additionally, several recent studies have revealed
the importance of taking structural transitions between ordered
and disordered states into account when assessing the
properties of various functional materials.12−15

The most compelling experimental evidence for the
existence of a phase transformation presented so far is the
sharp jump in the heat capacity at around 650 K observed by
May et al.11 Several of their Ba8GaxGe46−x samples also display
unexpected features in the electrical resistivity, Seebeck
coefficient, and thermal diffusivity at around the same
temperature. It is also interesting to note that this
phenomenon does not appear to be unique for Ba8GaxGe46−x
since similar results have been obtained for several other type I
clathrates including Ba8AlxSi46−x,

16,17 Ba8BxAlySi46−x−y,
18

B a 8 − yEu yA l x S i 4 6 − x ,
1 6 B a 8 − y S r yA l x S i 4 6 − x ,

1 9 a n d
Ba8GaxInyGe46−x−y.

20 Additionally, it has been reported21,22

that the binary clathrates Rb8Sn44□2 and Cs8Sn44□2 undergo
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transformations between states with ordered and disordered
vacancies (□) at around 353 and 363 K, respectively, which
lead to dramatic increases in the absolute values of the Seebeck
coefficients. Evidence for a transition associated with order in
these materials has also been provided via simulations,
revealing distinct features in the heat capacity.23,24

Due to the large number of atoms per unit cell, the
configurational space is extremely large,25 which makes it
impossible to sample with density functional theory (DFT)
calculations alone. It has, however, been recently shown that
this problem can be circumvented by using a combination of
DFT, alloy cluster expansions (CEs), and Monte Carlo (MC)
simulations.23,26,27 These studies have, furthermore, revealed
that the host site occupation factors (SOFs) not only depend
strongly on both temperature and composition23 but also
significantly affect the thermoelectric performance.26 In fact,
the former results verified the set of rules regarding the
distribution of the host atoms among the three Wyckoff sites,
the most important one being the minimization of the number
of bonds between trivalent atoms, which had been previously
formulated based on data from diffraction experiments.1,28

Here, we use a combination of experimental and computa-
tional methods to prove the existence of an order−disorder
transition above room temperature in the quaternary clathrate
Ba8Al5Ga11Ge30. We, furthermore, show that it has an impact
on the band structure and, thereby, the electrical transport
properties. In what follows, we begin by describing the sample
preparation before detailing the procedures for carrying out
both experiments and calculations. Next, we present our main

results, starting with the heat capacities and SOFs, followed by
the thermoelectric properties and the band structure. Finally,
we discuss the implications of our findings for not only
clathrates but also other materials that exhibit temperature-
dependent ordering.

■ METHODS
Experimental Details. Details regarding the synthesis and

characterization of the Ba8Al5Ga11Ge30 single crystalline sample,
which was prepared using the Czochralski method, will be published
separately. For the property measurements, a rod-shaped sample, with
a size of about 2 × 2 × 8 mm3, was cut from the mid-section of the
crystal using a diamond saw (Struers). A ZEM-3 (ULVAC)
instrument was then used to measure the electrical resistivity and
Seebeck coefficient between 100 and 700 °C in a low-pressure He
atmosphere. The sample and the platinum electrodes were separated
by graphite sheets (Goodfellow Cambridge Ltd.) to hinder reaction.
The sapphire method (E1269−11)29 was used to determine the
specific heat capacity for Czochralski-pulled and flux-grown
Ba8Al5Ga11Ge30 as well as polycrystalline Ba8Ga16Ge30 and
Ba8Al16Ge30 (see Figure S2 and Supporting Information Note S2)
using a differential scanning calorimetry (DSC) instrument (Mettler
Toledo DSC2). Specifically, pieces from a cross-sectional slice of the
crystal were placed in a 100 μL aluminum crucible, the inside of
which had been covered by a piece of graphite paper. During the
experiment, which was performed under a N2 atmosphere, the sample
was heated to 500 °C at a rate of 5 K min−1. Once finished, the
specific heat (Cp) was calculated based on the second heating curve.

The determination of the composition is quite challenging since the
content of the lightest element (Al) is less than 5 wt %. We have
therefore expended considerable effort on determining the compo-

Figure 1. Experimental measurements and simulation results indicating the existence of an order−disorder transition in Ba8AlxGa16−xGe30. (a)
Crystal structure of a typical type I clathrate. Purple and green spheres represent 2a and 6d guest sites, respectively, while the 6c, 16i, and 24k host
sites are colored red, blue, and orange, respectively. (b) Measured heat capacity at constant pressure relative to the minimum value and (c)
contribution from disorder at a constant volume as function of temperature for Ba8Al5Ga11Ge30. (d) Corresponding results for a range of different
compositions, where the green line represents the data set depicted in (c). Temperature dependency of (e) Al and (f) Ga SOFs in Ba8Al5Ga11Ge30.
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sition using synchrotron and single-crystal X-rays as well as both
powder and single-crystal neutron diffraction in addition to scanning
electron microscopy, energy-dispersive X-ray spectroscopy, and X-ray
fluorescence. This characterization indicates that the amount of Al is
approximately x = 4.7−5.2; for simplicity, we, therefore, refer to the
sample as Ba8Al5Ga11Ge30. The details of these analyses will be
published elsewhere.
MC and Wang−Landau Simulations. Alloy CEs in combination

with MC simulations provide a powerful approach for combining the
accuracy of first-principles calculations with the computational
efficiency needed for sampling compositional degrees of freedom.
They are lattice models that describe a particular chemical
configuration in terms of the population of different lattice sites in
the fashion of a generalized Ising model. Unlike the standard Ising
model, interactions can, however, extend over many neighbor shells
and involve not only pair terms but also groups of three, four or more
sites. Each such cluster is associated with an effective cluster
interaction that enters the mathematical expression for the total
energy. By fitting these expansion coefficients to data from first-
principles calculations, commonly based on DFT, one can obtain
accurate and transferable models for the energetics of multi-
component systems. It is important to emphasize that while these
models operate on a rigid lattice, atomic relaxations are effectively
incorporated in the effective cluster interactions if relaxed
configurations are used for training.
In this study, we have employed the ICET software package30 to

train alloy CE using a set of DFT-relaxed structures (see the next
section). The cutoffs for both pairs and triplets were set to be slightly
smaller than half the lattice parameter (5.4 Å), yielding 215 symmetry
inequivalent clusters, including 6 singlets, 46 pairs, and 162 triplets.
Based on extensive testing of different fitting methods (also see ref
31), the final CE was fitted using ordinary least squares (OLS) with
recursive feature elimination (RFE). In particular, this method gave
consistently better results, in agreement with earlier studies,30 both in
terms of root-mean-square error (RMSE) and model sparsity. This
process reduced the number of non-zero parameters to 23 pairs and 5
triplets while retaining a low final RMSE score of 1.49 meV site−1.
To evaluate the contribution of chemical disorder to the heat

capacity as well as the variation of the SOFs with temperature, the
CEs where sampled via both Wang−Landau (WL)32 and standard
MC simulations using the MCHAMMER module of ICET. These
simulations were performed for a range of different stoichiometric
compositions, namely, Ba8AlxGa16−xGe30 with x ∈ {0, 4, 6, 8, 12, 16},
using 1 × 1 × 1 and 2 × 2 × 2 supercells. It was not deemed
worthwhile to consider larger sizes since this causes severe
convergence issues and, at the same time, only leads to a relatively
small shift in the transition temperature (see Figure S3 and
Supporting Information Note S3).
The WL simulations were carried out using an energy spacing of 50

meV until the fill factor, which was updated each time the flatness of
the energy histograms reached more than 80%, dropped below 10−7.
Since the WL method requires a very large number of MC steps, it
was moreover necessary to divide the energy range into a number of
bins, which were converged in parallel. When using the MC method,
meanwhile, a canonical ensemble was employed and the simulations
were carried out by reducing the temperature from 1200 to 0 K at a
rate of 100 K per 22,000 MC cycles.
Electronic Structure Calculations. In preparation of the

construction of the alloy CEs (see the previous section), 528
randomly generated Ba8AlxGayGe46−x−y structures, which included
132 Ba8GaxGe46−x and equally many Ba8AlxGe46−x configurations,
were relaxed, with regard to both cell metric and ionic positions, at
the level of DFT as implemented in the Vienna ab initio simulation
package (VASP)33 using the projector augmented wave (PAW)
method.34,35 These calculations were considered converged once the
maximum residual force was below 5 meV Å−1. Γ-Centered 3 × 3 × 3
k-point meshes, Gaussian smearing with a width of 0.1, and 319 eV
plane wave energy cutoffs were used for all calculations. The van der
Waals density functional method36 with consistent exchange (vdW−
DF−cx)37 was employed to account for exchange−correlation effects.

Calculations of Electronic Properties. To assess the impact of
the order−disorder transition on the electronic transport properties
and the band structure, we extracted the ground-state (GS) and HT
structures from standard MC simulations. In particular, the former
was identified as the 1 × 1 × 1 configuration, among those sampled
across the entire temperature range, with the lowest energy. The HT
state, on the other hand, was represented via special quasi-ordered
structures38 by constructing a primitive structure that closely
corresponds to the average cluster vector obtained using 2 × 2 × 2
supercells at 1200 K. Note that this approach gives similar results to
calculating statistical averages over multiple representative structures
(see Figure S6 and Supporting Information Note S5).

Prior to calculating the transport properties, the extracted
structures were first relaxed using similar settings to those described
in the previous subsection with the exception that a 5 × 5 × 5 k-point
grid was employed and that the convergence criteria were tightened
by a factor of 10. This was followed by a non-self-consistent
calculation using an interpolated Γ-centered 25 × 25 × 25 mesh. A
similar procedure was performed to determine the band structure,
although a sparser grid, with 3 × 3 × 3 k-points, was used and a total
of 512 electronic bands were taken into consideration. Since semilocal
exchange−correlation functionals underestimate the band gap, we
computed band gaps using the modified Becke−Johnson (mBJ) meta-
functional, which were subsequently used to set the scissor correction
in the Boltzmann transport theory (BTT) calculations (see
below).39,40

The transport coefficients were calculated within the framework of
BTT at the relaxation time approximation (RTA) level using the
interpolated eigenenergies as well as the group velocities as input to
the BoltzTraP241 software. The variation of the relaxation time with
temperature was assumed to follow a simple power law, τeff =
τ300K(300 K/T)a, where τ300K corresponds to the value at 300 K. The
parameters τ300K and a were determined for each composition by
fitting the electrical conductivity, calculated for the GS, to the
experimental measurements below 650 K (see Table S1 and
Supporting Information Note S5). The optimal doping level,
meanwhile, was selected so as to give the best possible agreement
between the calculated and experimental Seebeck coefficients (Table
S1). This approach has been previously shown to yield good
agreement with experimental data for Ba8Ga16Ge30.

26 The band gaps
for all compositions were individually corrected by using a rigid
(“scissors”) shift. In particular, each of these was set equal to the value
obtained by performing DFT calculations for the same structure using
the mBJ functional, which gives band gaps in better agreement with
experiment.42,43 Still, our tests reveal that this correction leaves the
electrical conductivity largely unaffected, while the Seebeck coefficient
is only slightly enhanced at temperatures above 700 K (see Figure S7
and Supporting Information Note S5).

■ RESULTS

Evidence for an Order−Disorder Transition. The
hallmark for an order−disorder transformation as a continuous
order phase transition is the existence of a discontinuity in a
property that corresponds to the second derivative of the free
energy and is therefore reflected by a sharp (λ-shaped) feature
in the heat capacity.44 Since the critical slowdown in the
vicinity of the phase transition limits the efficiency of standard
MC simulations, here, we employ the WL method.32

Specifically, all results presented and discussed in this
subsection were obtained from calculations based on 2 × 2
× 2 Ba8AlxGa16−xGe30 supercells.
Remarkably, both the experimentally measured heat capacity

and the calculated contribution from order−disorder display a
distinct peak at a specific temperature Ttrans, providing strong
evidence for the existence of a continuous-order phase
transition (Figure 1b,c). Another corroborating piece of
evidence is the significant difference in the heat capacity
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above and below Ttrans. This behavior is observed to varying
degree for all compositions considered in this study (Figure
1d) and visible in transition temperature, peak height, and
magnitude of the jump (Figure S4). The change in order that
underlies this phase transition is directly apparent from the Al
and Ga SOFs, which change substantially around Ttrans (see
Figure 1e,f, Figure S1, and Supporting Information Note S1).
While the results from both experiments and calculations

agree qualitatively, the theoretical estimates of the transition
temperature and the magnitude of the jumps in the heat
capacity are notably lower than the experimental values (see
Figure S4 and Supporting Information Note S4). It must be
emphasized that the energy differences involved in this type of
transition are extremely small. As a result, small errors that
inevitably enter, for example, via the exchange−correlation
functional or the CE model, lead to notable errors in the
description of the transition temperature and by correlation the
magnitude of the change in the heat capacity. In addition, the
structural transformation may lead to changes in the
contribution to the total heat capacity from sources other
than disorder (see Figure S8 and Supporting Information Note
S6). The simulations, however, agree qualitatively with the
feature in the heat capacity and agree quantitatively with
measurements of the SOFs (also see refs 23 and 26), providing
microscopic insight into the origin of this transition.
Implications for Electronic Transport. While the

existence of an order−disorder transition in inorganic
clathrates is interesting in its own right, we now show that it
has a direct impact on materials properties, crucially the
electronic transport coefficients, which determine the thermo-
electric performance. Here, we focus on the electrical
conductivity σ and the Seebeck coefficient S. We have used
BTT to predict the temperature dependence of the two former
properties for three different compositions, namely,
Ba8Ga16Ge30, Ba8Al5Ga11Ge30, and Ba8Al16Ge30 (Figure 2).
Our calculations show that better agreement with the

experiment is achieved when the order−disorder transition is
taken into account since the data for the HT configurations
match the measurements better above 700 K (Figure 2b,d,e).
Interestingly, the slope of the Seebeck coefficient increases
rather sharply at a specific temperature for all three
compositions (Figure 2d−f). Even so, it is only Ba8Al16Ge30
that exhibits a distinct feature, in the form of a bulge, in the
measured electrical conductivity at about the same point
(Figure 2c). We note that perfect agreement cannot be
expected since the HT structure was extracted at an arbitrarily
chosen temperature of 1200 K. It is moreover important to
keep in mind that the GS is practically unattainable in the
experiments because the configuration freezes in at an elevated
temperature as discussed previously.23 One should also stress
that it is only the band gaps that have been set to match values
obtained with the mBJ potential. While the shape of the bands
as well as the dispersion can thus be expected to be less
accurate, a visual comparison indicates that the differences are
in fact very small, as was also concluded in an earlier study.26

Insight from the Band Structure. The effect of the
order−disorder transition on the transport properties
described above can be related to a change in the underlying
electronic structure. Our calculations clearly indicate that the
transformation from the ordered state to the disordered state
leads to significant changes in the band structure (Figure 3). It
is moreover evident that this effect is the most pronounced in
the case of Ba8Ga16Ge30, slightly less so in Ba8Al5Ga11Ge30, and

relatively small for Ba8Al16Ge30. Specifically, the band gap
shrinks in all three cases, but the magnitude of the change
decreases with x. In terms of the transport properties, it can be
shown that energies close to the Fermi level at 700 K, εF

700K,
and εF

700K ± 2kBT provide the largest contributions to the
electrical conductivity and the Seebeck coefficient, respectively
(see Figure S5 and Supporting Information Note S5,46). Our
calculations reveal that the electronic density of states (DOS)
for the HT configuration is enhanced for ε ≈ εF

700K + 2kBT in
the case of Ba8Ga16Ge30 and Ba8Al5Ga11Ge30, which explains
the increase in the Seebeck coefficient. While there is a similar
trend for Ba8Al16Ge30, it appears at higher energies (Figure
3a,d,g). In this case, the DOS is also larger than that in the GS
around εF

700K, which should lead to an enhancement of the
electrical conductivity.
The previously described observations agree fairly well with

the predictions obtained within BTT; for instance, the change
in the electrical conductivity induced by the order−disorder
transition is indeed found to be larger for Ba8Al16Ge30. Based
on the above arguments, it appears, however, that there is a
discrepancy with respect to the absolute value of the Seebeck
coefficient, which according to the transport calculations
should increase for all three systems. Part of the explanation is
that we have so far only compared the DOS and, hence,
neglected the fact that it is actually the electron group
velocities, which correspond to the slopes of the bands ∇kε,
that determine the electronic transport properties. A closer
inspection of the band structure reveals that the region around

Figure 2. (a−c) Electrical conductivity and (d−f) Seebeck coefficient
as a function of temperature. The calculated results for the GS and
HT structures have been plotted as orange and purple lines,
respectively, while the gray diamonds represent data from experi-
ments. The former curves correspond to the doping level that gave the
best agreement between the measurements and calculated Seebeck
coefficient for the GS up to 650 K. In addition, the experimental
electrical conductivity was used to fit the relaxation time, given by the
expression τeff = τ300K(300 K/T)a, in the same temperature interval.
Note that the experimental measurements for Ba8Al5Ga11Ge30 have
been performed on a single crystal, while the data for Ba8Ga16Ge30
and Ba8Al16Ge30 correspond to polycrystalline samples, of which the
latter stems from a study by Uemura et al.45
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the conduction band minimum (CBM), which is located at the
M-point, appears to be very similar for both the HT
configuration and the GS, even though it lies closer to the
valence band maximum (VBM) in the former case (Figure
3b,c,e,f,h,i). While the valence band is transformed to a larger
degree, these are unimportant for the relevant doping levels
since they correspond to energies much lower than εF

700K −
2kBT. Instead, the most significant change is the downward
shift of the bands at the Γ-point, which brings additional states
into the window around εF

700K + 2kBT. At the same time, the
bands flatten, which leads to lower group velocities. The fact
that the latter effect is the most pronounced for Ba8Ga16Ge30
and the least for Ba8Al16Ge30 can be one reason why the
increase in the magnitude of the Seebeck coefficient is
comparable for Ba8Ga16Ge30, Ba8Al5Ga11Ge30, and Ba8Al16Ge30
in spite of the smaller DOS enhancement observed for the
latter composition.

■ DISCUSSION
Although several previous studies have reported anomalies in
the HT measurements for inorganic type I clathrates, these

have, until now, not been related to a transformation between
an ordered state and a disordered state. Here, we have reported
convincing evidence that Ba8AlxGa16−xGe30 undergoes such a
transition and that this has a direct effect on the band structure
and electronic transport properties. Additional calculations,
which will be detailed in a separate article, as well as earlier
studies of Ba8Al16Si30

23,24 show that this phenomenon is also
present in silicon-based systems, namely, Ba8Ga16Si30 and
Ba8Al16Si30, indicating that it is a common feature of inorganic
type I clathrates.
The existence of an order−disorder transition has important

implications with regard to both future studies and the
interpretation of existing data. Specifically, one can conclude
the following:

i The jump in the heat capacity implies that using the
Dulong−Petit limit or assuming that the value remains
constant above room temperature, which is relatively
common,8,48−50 can lead to an underestimation of the
thermal conductivity and, hence, an overestimation of
the thermoelectric performance.11 As emphasized in a

Figure 3. Electronic DOSs as well as band structures for (a−c) Ba8Ga16Ge30, (d−f) Ba8Al5Ga11Ge30, and (g−i) Ba8Al16Ge30. In (a,d,g), the DOSs
for the GS and HT structures are represented by purple dotted and orange solid curves, respectively. The bands, meanwhile, have been plotted in
separate panels for the former (b,e,h) and latter (c,f,i) states, where the filled gray areas correspond to the band gaps. Moreover, the full width at
half-maximum (fwhm) for both the derivative of the Fermi distribution function, −∂ε f (gray horizontal bar), and the two peaks featured by the
product −(ε − εF

700K)α∂ε f (black horizontal bars) has been indicated in (a,d,g). Here, εF
700K is the doping level that provides the best agreement

between the calculated and experimental Seebeck coefficients at 700 K. For each composition, the energy scales have been aligned using the Ba 1s
states, with the GS valance band (VB) maximum set to 0, using the procedure described in ref 47.
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recent review by Agne et al.,12 the significance of phase
transitions is often neglected when determining the
thermal transport properties of thermoelectric materials.
This has already been demonstrated for copper
chalcogenides, where this effect can explain the
extraordinarily high zT values that had been reported
earlier.14,51

ii Any transport calculation that is based on a single
structure, especially the GS, is likely to underestimate
the Seebeck coefficient. In other words, the previously
reported predictions of the maximum efficiency at an
optimized doping level45,52 are most likely lower than
what could be achieved in reality, provided the
corresponding carrier concentrations are attainable.

iii Due to the temperature and composition dependence of
the transformation, it should be possible to achieve
temperature-dependent band-structure engineering. For
instance, it could potentially enhance or facilitate the
application of the modulation53−55 and temperature-
dependent56,57 doping concepts or even help combine
the two.

iv When subjected to a temperature gradient, for instance,
as part of a thermoelectric module, the sections of the
leg for which T < Tc and T ≥ Tc will be in the ordered
and disordered states, respectively, which effectively
gives rise to an intrinsic functional gradient. If properly
tuned, this could potentially lead to an enhanced overall
efficiency. Whether or not this can be achieved in
practice, however, remains to be seen.

v The existence of a phase transition may also be of
importance with regard to the structural and thermal
stability of clathrate phases. In particular, it is likely that
this has a bearing on the decomposition behavior
recently reported by Reardon et al.5 Indeed, the fact that
the SOFs change dramatically at around 650 K in
Ba8Ga16Ge30 indicates that there exists not only a driving
force for the redistribution of the host atoms but also
enough kinetic energy to surmount the associated energy
barriers. It should be stressed that further studies are
required that address the stability of clathrates under
different conditions, for instance, when these are heated
above, or subjected to temperature gradients that span,
the transition point.

Another key insight gained from this study is that quaternary
clathrate systems allow one to optimize the band structure for
an optimal carrier concentration by adjusting the composition.
In the case of Ba8AlxGayGe46−x−y, this corresponds to varying
the ratio between Al and Ga while keeping the number of Ge
atoms fixed. Our results furthermore suggest that both the
temperature at which the transformation takes place and the
effect it has on the band structure, and therefore the transport
properties, vary with Al content. While Ba8AlxGayGe46−x−y
might not be the best candidate for further optimization, due
to its cost, it is more than plausible that the same ideas can be
applied to systems that are made up of more abundant
elements, such as Ba8AlxGaySi46−x−y. More precisely, the
calculations presented in this study together with the existing
experimental evidence58,59 indicate that it should be possible to
identify an Al/Ga ratio that gives a maximum efficiency, which
could be further enhanced if the modulation doping concept
was also employed.

From a more general perspective, the connection between
chemical order and transport properties revealed here in the
case of an inorganic clathrate is likely to be a more general
occurrence in materials that exhibit some form of chemical
ordering. In fact, there exist several studies that have shown the
importance of transformations between states with ordered
and disordered vacancies or at least considered their existence
in functional materials such as LixCoO2,

60 Zn5Sb4In2−δ,
15 zinc

antimonides,12,61 ZnAl2O4,
62 Mg3(Bi,Sb)2,

63 AgCrSe2,
64

Ag8SiSe6,
65 (Tm,Y) (Ag,Cu)Te2,

66 Cu2−xSe,
14,67 Cu7PSe6,

68

Cu7PSe6−xSx,
13 GeTe,69 half-Heuslers,70,71 and partially filled

skutterudites.72 It appears more than likely that similar
phenomena should be observed in other vacancy-containing
compounds with complex unit cells, for instance K2.5Bi8.5Se14,

73

K2Bi8Se13,
74 and (Yb,Eu,Ca,Sr)9(Mn,Zn,Cd)4+x(Sb,Bi)9.

75,76

Quite a few investigations of order−disorder transitions for
systems with mixed occupancies have also been reported,
which include Cu2(Zn,Cd,Hg) (Si,Ge,Sn)Te4

77 and II−IV−−
V2

78 semiconductors, Cu2SnS3,
79 Cu2ZnSn(S,Se)4,

80 LAST
alloys,81 and perovskite oxynitrides.82 Based on our study, we
expect that the same holds true for other alloys, which include
“unconventional” superconductors,83 nitride semiconductors,84

inverse85 and full86 Heuslers, chalcogenides,87−89 pavon-
ites,90,91 pnictides,92−94 phosphides,95 oxides,96,97 and Chev-
rel98,99 and Zintl100−102 phases.

■ CONCLUSIONS
In this paper, we have presented a compelling proof in the
form of both experimental and calculated data that the
inorganic type I clathrates Ba8AlxGa16−xGe30, with 0 ≤ x ≤ 16,
exhibit an order−disorder transition, which, moreover, has a
direct and significant effect on the thermoelectric properties.
Even though the transition temperature and the magnitude of
the associated jump in the heat capacity predicted from
simulations are notably lower than the measured values,
combining the calculated transport properties for the GS and a
representative HT configuration leads to near quantitative
agreement with experiments. Furthermore, we have been able
to relate the shifts in both the Seebeck coefficient and electrical
conductivity to changes in the band structure induced by the
transformation. We believe that this insight not only signifies a
significant step toward understanding the intricate relationship
between chemical ordering and physical properties of inorganic
clathrates but also opens up new routes for achieving high
thermoelectric efficiencies and, thereby, brings this group of
materials closer to being viable for commercial applications. In
a more general sense, relationships between ordering and
transport such as the one uncovered here are likely to be
present in related materials including other thermoelectrics.
Finally, the success of this study can be seen as a proof of the
great advances that can be achieved by conducting
experimental and computational investigations in tandem.
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Supplementary Figure S1: SOFs versus temperature and Al content. Site occupation factors (SOFs)
for the Al (a-c) and Ga (d-f) atoms at the 6c (a,d); 16i (b,e); and 24k (c,f) Wyckoff sites versus the temperature
and Al content.
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Supplementary Figure S2: Measured heat capacity and heat flow. Measured heat capacity and heat
flow for (a) Ba8Ga16Ge30, (b) Ba8Al5.2Ga10.8Ge30, (c) Ba8Al15Ge31, and (d) Ba8Al6.7Ga9.3Ge30 samples.
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Supplementary Figure S3: Size dependence of the transition temperature. Calculated heat capacity
versus temperature for (a) Ba8Ga16Ge30 and (b) Ba8Al16Si30 obtained from Wang-Landau (WL) simulations
with 1 × 1 × 1 (purple), 2 × 2 × 2 (blue), and 3 × 3 × 3 (green) supercells, respectively. Due to convergence
issues, panel (a) does not include any data for the the largest supercell size.
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Supplementary Figure S4: Jump in heat capacity and transition temperature. (a) Jump in the
heat capacity and (b) the temperature associated with the order-disorder transition. The data includes WL
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Supplementary Figure S5: Fermi distribution function. First derivative of the Fermi distribution
function, −∂εf , (green dotted line) as well as its product with the difference between the energy and the
chemical potential, − (ε− µ)

α
∂εf , (solid purple line). The filled curves indicate the full width at half maximum

(FWHM) for the corresponding peaks.
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Supplementary Figure S7: Transport calculations with mBJ and vdw-DF-CX band gaps. Seebeck
coefficient (a-d) and electrical conductivity (e-h) for ground state (a,b,e,f) and high temperature (c,d,g,h)
Ba8Al5Ga11Ge30 configurations. Both properties have been calculated with (a,c,e,g) and without (b,d,f,h)
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(mBJ) functional.
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Supplementary Figure S8: Electronic contribution to the heat capacity. Difference in the electronic
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Supplementary Tables

composition ne τ300K a

Ba8Ga16Ge30 −3.0× 1020 6.7× 10−15 0.48
Ba8Al5Ga11Ge30 −4.5× 1020 1.3× 10−14 0.46
Ba8Al16Ge30 −6.5× 1020 6.6× 10−15 0.13

Supplementary Table S1: Fit parameters for the transport calculations. Fit parameters for the
transport calculations, in the form of the doping level (ne) as well as the prefactor and exponent in the expression
for the relaxation time (τeff = τ300K(300K/T )a). The values were determined by fitting the calculated electrical
conductivity, in the two latter cases, and the Seebeck coefficient, in the former, to the experimental data using
the least-squares method.
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Supplementary Notes
Supplementary Note S1: Temperature and composition dependence of SOFs.
The SOFs obtained from WL simulations show that there is a noticeable, yet relatively smooth, change in both
the Al and Ga occupations around the transition temperature (Figure S1). Interestingly, this shift gradually
becomes less distinctive as the Al content increases, in agreement with the fact that there is a concomitant
decrease in the height of the heat capacity peak (Figure 1d). Furthermore, it is apparent that Al has a stronger
preference for the 6c site compared to Ga (Figure S1a-b). The former also has a significantly lower tendency
to occupy the 24k site (Figure S1c-d), which means that the occupation of the 16i site increases sharply when
the total Al content becomes high enough (Figure S1d-e).

Supplementary Note S2: Measured heat capacity and heat flow.
In order to assert that the transformation from an ordered to disordered state is a general phenomenon, we
have measured the heat capacity for a number of Ba8AlxGa16–xGe30 samples with varying compositions, which
have been prepared using different synthesis methods. Since all data sets display a distinctive jump at a specific
temperature, between 300 ◦C and 400 ◦C, we can conclude that this is indeed the case (Figure S2). It is also
interesting to note that the phase transition is clearly visible already in the measured heat flow, given that the
reference curve, for an empty sample holder, has been subtracted. Thus, it is not strictly necessary to calculate
the heat capacity in order to determine the transition temperature.

Supplementary Note S3: Size dependence of the transition temperature.
It is generally accepted that finite size effects are important to consider when estimating properties and especially
transition temperatures from WL simulations (2). Even so, the fact that the latter are very computationally
demanding limits the range of viable supercell sizes. Our calculations for the pseudo-binary systems Ba8Al16Ge30
and Ba8Al16Si30 have shown that the gain, in the form of a shift in the transition temperature, is not significant
enough to justify the extraordinary effort required to converge 3× 3× 3 supercells (Figure S3). For this reason,
we have elected to only consider 1 × 1 × 1 and 2 × 2 × 2 cells when running WL simulations for the ternary
Ba8AlxGa16–xGe30system

Supplementary Note S4: Jump in heat capacity and transition temperature.
If one compares the transition temperatures and jumps in the heat capacity obtained from calculations (Fig-
ure 1b-c) and experiments (Figure S2) it is clear that the former are significantly lower (Figure S4). Still, one
should keep in mind that the latter varies much more strongly from one composition to the other than one
would expect based on the results from the simulations, which suggests that the measurement errors might be
relatively large. For instance, the magnitude of the jump for Ba8Ga16Ge30 extracted from experiments and the
the data presented by May et al (1) differ by a factor of about four. One should also keep in mind that the
expected accuracy of the so called sapphire method, which was used to determine the heat capacity, is only
±10% (3).

Interestingly, both the calculated transition temperatures and the jumps in the heat capacity increase linearly
with the temperature. Thus, it is possible derive a simple, empirical, equation relating the two quantities:

∆Cv ≈ 0.007 kB · x+ 0.065 kB, (S1)
Ttransition ≈ 6.732K · x+ 358.930K (S2)

≈ 1025K k−1
B ·∆Cv + 292K (S3)

Supplementary Note S5: Transport calculations.
Within the framework of the Boltzmann transport theory (BTT) under the relaxation time approximation
(RTA), the electronic transport properties can be expressed in terms of generalized transport transport coeffi-
cients (4),

L(α)(µ;T ) = q2
∫

σ(ε, T ) (ε− µ)
α

(
−∂f(ε;µ, T )

∂ε

)
dε. (S4)
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Here, ε; µ; q; and T represent the energy; chemical potential; elemental charge; and temperature, respectively,
while

f(ε;µ, T ) =
1

e(ε−µ)/kBT + 1
, (S5)

is the Fermi distribution function (5) and

σ(ε, T ) =

∫ ∑
b

vb,k ⊗ vb,kτb,kδ (ε− εb,k)
dk

8π3
, (S6)

the transport distribution function. In the latter formula, vb,k is the group velocity and τb,k the relaxation
time for a particular band, b, and k-point. Using this notation, the electrical conductivity, σ, and the Seebeck
coefficient, S, are given by the following formulas,

σ = L(0), (S7)

S =
1

qT

L(1)

L(0)
. (S8)

Since the first derivative of the Fermi distribution function with respect to the energy,

−∂f(ε;µ, T )

∂ε
=

1

kBT

e(ε−µ)/kBT(
e(ε−µ)/kBT + 1

) , (S9)

has a peak shape, the factor − (ε− µ)
α
∂εf , in principle, selects the energy window that provides a significant

contribution to these properties. Specifically, the former is centered around ε = µ for α = 0 while it displays a
minimum and maximum, at ε ≈ µ− 2kBT and ε ≈ µ+ 2kBT , respectively, if α = 1 (Figure S5).

In order to evaluate the transport distribution function, it is, in principle, necessary to determine the mode
specific relaxation times. In this study, however, we have only taken the temperature dependence into account,
by assuming that τb,k ≈ τeff = τ300K(300K/T )a. More precisely, the parameters τ300K and a were determined
by fitting the electrical conductivity for the ground state to the measurements, for T < 650K. The doping level,
ne, was determined in a similar fashion, although in this case by using the calculated and experimental Seebeck
coefficients. Though the procedure described above yield similar values for all three systems (Table S1), ne

increases slightly with the Al content while τ300K (a) is significantly lower for Ba8Al5Ga11Ge30 (Ba8Al16Ge30).
Due to the fact that the a vast number of different viable configurations are possible at elevated temperatures

there exists an ambiguity with regards to how to best represent the properties of a partly disorder material.
One possibility is to perform calculations for randomly select structures, which have been sampled during
an MC simulation at a specific temperature, and then calculate statistical averages. Another, more efficient,
option is to take a consider a single configuration that best represents the average cross-validation (CV). Since
our test calculations for Ba8Al5Ga11Ge30 have shown that both methods give comparable results, we have
elected to use the latter when calculating the transport properties for a range of different Ba8AlxGa16–xGe30
compositions (Figure S6). As an additional benefit, doing so makes it possible to directly relate these results
to the corresponding band structures.

Since conventional density functional theory (DFT) functionals lead to underestimations of the band gap
(6, 7) and, therefore, errors in transport property estimates, we decided to set these equal to the values calculated
with the mBJ potential (8, 9), which tend to be more accurate, using the “scissor” operator functionality in
BoltzTraP2 (4). While the difference between the band gaps obtained with vdw-DF-CX (10, 11) and mBJ
differ substantially (0.38 eV and 0.35 eV for the ground state and high temperature configurations, respectively),
our simulations show that this has an minor impact on the transport properties below 700K (Figure S7).
Specifically, the main effect is that the maximum, absolute, value on the Seebeck coefficient not only becomes
larger but is also reached at a higher temperature, presumably because more energy is required to activate the
minority charge carriers.

Supplementary Note S6: Electronic heat capacity.
Though the electronic contribution to the heat capacity, ∆Celec

v , is included in the output from the BoltzTraP2
software (4), it was deemed more appropriate to calculate it based on the, more accurate, band structures
obtained with the mBJ potential (8, 9). This is achieved by evaluating the following formula (5),

∆Celec
v =

∞∫
0

D(ε) (ε− µ)

(
−∂f(ε, µ, T )

∂T

)
dε , (S10)
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where the derivative of the Fermi distribution function with respect to the temperature is given by,

∂f(ε;µ, T )

∂T
=

ε− µ

kBT 2

e(ε−µ)/kBT(
e(ε−µ)/kBT + 1

) (S11)

= −ε− µ

T

∂f(ε;µ, T )

∂ε
. (S12)

These calculations, specifically, show that the electronic contribution to the heat capacity is indeed larger
for the high temperature configuration and of the same order of magnitude as the jump obtained from the
WL simulations, at least in the case of Ba8Ga16Ge30 and Ba8Al5Ga11Ge30 (Figure S8). Yet similarly to S,
∆Celec

v is significantly lower for Ba8Al16Ge30. This should be expected, however, since the expressions for
both of these quantities include a factor of − (ε− µ)

α
∂εf and because our band structure calculations clearly

indicate that the density of states (DOS) is enhanced in the high temperature state for Ba8Ga16Ge30 and
Ba8Al5Ga11Ge30 but not Ba8Al16Ge30 (Figure 3a,d,g). By using Equation S3 one can, furthermore, get a
rough estimate of how the addition of the electronic heat capacity would change the transition temperature.
Since ∆CHT

v −∆CGS
v < 0.01 kB, it can, specifically, be concluded that, ∆Ttransition < 10K, which means that

this contribution cannot account for the large discrepancy between the calculated and measured transition
temperature (Figure S4).
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