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ABSTRACT: It has been recently demonstrated that the pseudoternary
Ba8AlxGayGe46−x−y clathrate undergoes an order−disorder transition with
increasing temperature that can be observed via site occupation factors
(SOFs) and manifests itself, e.g., in electrical transport properties. Here, we
generalize this result and analyze the characteristics of this order−disorder
transition in the pseudobinary clathrates Ba8GaxGe46−x, Ba8GaxSi46−x,
Ba8AlxGe46−x, and Ba8AlxSi46−x. To this end, we employ atomistic simulations
that combine alloy cluster expansions trained against density functional
theory calculations with Wang−Landau and ensemble Monte Carlo
simulations. The simulations show that all four systems studied here display
order−disorder transitions for at least some composition range. Based on an
extensive literature survey, we also provide evidence for signatures of the
transition in earlier experimental studies that to the best of our knowledge
have hitherto not been related to such transitions. The predicted transition temperatures are lower for Ba8GaxGe46−x and
Ba8GaxSi46−x than for Ba8AlxGe46−x and Ba8AlxSi46−x, although it appears that the simulations underestimate the transition
temperatures for Ga-containing systems compared to the experiment. This nonetheless provides a sensible explanation for why the
experimentally determined Al SOFs agree better with the simulated high-temperature disordered configurations, while the Ga SOFs
more closely agree with the simulated ground-state configurations. As a result of stronger interactions, the SOFs vary substantially,
especially near the stoichiometric 16:30 composition, providing an indication of why it has proved difficult to synthesize
Ba8AlxGe46−x and Ba8AlxSi46−x samples at this ratio. The present study thereby yields detailed atomic-scale insights into the ordering
in inorganic clathrates that, given the connection to transport properties established earlier, are not only useful from a fundamental
perspective but also relevant for applications.

■ INTRODUCTION
In recent years, the importance of order−disorder transitions
in functional materials has received increased attention. Such
transformations have not only been observed in a wide variety
of different materials, which either contain vacancies or exhibit
mixed occupancies, but also been shown to profoundly
influence physical properties, e.g., in pnictides,1−4 oxides,5

chalcogenides,6−13 half-Heuslers,14,15 skutterudites,16 and
vacancy-containing clathrates.17,18 Moreover, it has been
recently established that order−disorder transitions in the
inorganic clathrate Ba8AlxGayGe46−x−y have a notable impact
on the electrical transport properties.19 This group of materials
has been extensively studied because of their comparatively
good thermoelectric properties and their fascinating structural
motifs, which can be described as an interwoven network of
host and guest lattices. Even so, a complete understanding of
the relationship between the unique crystal structure and the
diverse and interesting properties is still lacking.20−22 It is
therefore interesting to determine if order−disorder transitions
are a general feature in clathrates and how the characteristics of
such transitions depend on chemistry and temperature. Here,
we specifically focus on type-I clathrates, which possess Pm3̅n

(International Tables of Crystallography number 223)
symmetry with the chemical formula A8BxC46−x. The host
atoms (B/C) are distributed between 6c, 16i, and 24k Wyckoff
sites, forming a framework that includes small dodecahedral
and larger tetrakaidecahedral cages, which enclose the guest
atoms (A) located at the 2a and 6d positions, respectively
(Figure 1a). Typically, the guest species are alkali or alkaline
earth metals, while the host species belong to groups 13 and 14
of the periodic table.21,22

Until recently, the existence of transitions between ordered
and disordered states has only been established for the
vacancy-containing clathrates Rb8Sn44□2 and Cs8Sn44□2,

17,18

which take place at around 353 and 363 K, respectively. Yet,
there are several additional examples of thermodynamic or
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structural features in the literature, which may be a direct or
indirect consequence of such transitions. While some of the
peculiarities in high-temperature property measurements for
Ba8Ga16Ge30

23−28 can be related to the recent discovery that
this compound exhibits very slow decomposition under such
conditions,29 the fact that some appear to be reversible24

suggests that this is not a universal explanation.
The most direct evidence for a phase transition related to

chemical ordering has been provided by May et al.28 who

reported anomalies in both the thermal and electronic
transport properties as well as a distinctive jump in the heat
capacity at around 650 K for Ba8GaxGe46−x. This result is,
however, by no means exclusive. Since our previous
exper imenta l and computat ional s tudies of the
Ba8AlxGayGe46−x−y system19 included differential scanning
calorimetry (DSC) experiments on the pseudobinaries
Ba8Ga16Ge30 and Ba8Al16Ge30 as well as Ba8Al5Ga11Ge30, we
were able to conclude that both of these compounds undergo a

Figure 1. Illustration of a representative type-I clathrate structure (a) as well as heat maps (b−e) showing the temperature and composition
dependence of the contribution to heat capacity from the disorder for Ba8GaxGe46−x (b), Ba8AlxGe46−x (c), Ba8GaxSi46−x (d), and Ba8AlxSi46−x (e).
Experimental transition temperatures that have been extracted from ref 28 (purple diamonds in b), ref 19 (blue square in b and c), refs 32, 33
(purple diamond in d), ref 34 (blue squares in d), ref 30 (purple diamond in e), and ref 31 (blue square in e) are also indicated. If no error bars for
the compositions were stated in the original publications, we estimated them to be 0.5 atoms per unit cell, similar to other data from energy-
dispersive X-ray spectroscopy.
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transition at about 650 K, in agreement with the observations
by May et al. In the case of Ba8AlxSi46−x, the data published by
Condron et al.30 include not only a small peak at ∼800 K in
the heating curve from DSC measurements (Figure 4a in ref
30) but also a distinctive shift in thermal conductivity (Figure
5c in ref 30) at the same temperature. Crucially, corresponding
features can be found in the results presented by Tsujii et al.
(Figure 8a,c in ref 31). There exist fewer indicators for
Ba8GaxSi46−x, yet Bentien et al.

32 obtained an anomalous lattice
parameter, as well as poorer refinement overall, at 450 K
(Figure 3 in ref 32). While the authors were unable to relate
this outlier to any systematic errors, it could be a signature of
an order−disorder transition. In a previous study of the same
Ba8Ga16Si30 sample,33 it was, furthermore, reported that both
the disorder parameter (λ) and the harmonic force constants
(β22 = β33) for the Ba atom at the 6d site, obtained using the
maximum entropy method, were significantly higher than
expected at 450 K (Figures 4 and 6 in ref 33). Though Anno et
al.34 have only determined the thermal conductivity for a
relatively sparse set of temperatures, it is still possible to
discern a shift in the slope, as well as the absolute value, at
around 450 K (Figure 14 in ref 34) for all four of their
Ba8GaxSi46−x samples. We found similar features in the
reported property measurements for several pseudoternary
clathrates, including Ba8−yEuyAlxSi46−x,

30 Ba8GaxInyGe46−x−y,
35

Ba8BxAlySi46−x−y,
36 and Ba8−ySryAlxSi46−x.

37

Materials with complex crystal structures, such as type-I
clathrates, feature a vast configurational space. Computation-

ally, this principal challenge can be efficiently addressed using a
combination of density functional theory (DFT) calculations,
alloy CEs, and MC simulations.19,38−41 In addition to
providing evidence for the existence of order−disorder
transitions,19,41 these studies have, moreover, revealed the
temperature and composition dependence of the chemical
ordering38−40 and established a strong correlation between site
occupation factors (SOFs) and electronic transport proper-
ties.19,38 Here, we build on these discoveries using a
combination of CEs and Wang−Landau (WL) simulations to
map the temperature and composition dependence of the
transition for the four pseudobinary clathrates Ba8GaxGe46−x,
Ba8AlxGe46−x, Ba8GaxSi46−x, and Ba8AlxSi46−x. We start by
analyzing the contributions to the heat capacity from the
disorder as a function of composition and compare the
transition temperatures extracted from the calculations with
data from the literature. Then, we discuss the order−disorder
transition in terms of variations in the SOFs, before comparing
the results with experimental data. Finally, we present an
analysis of possible reasons for the deviations between the
calculated and measured transition temperatures for Ga-
containing systems. The CEs have been constructed and
sampled using the same procedures as in our previous
studies;19,38,39,42 the computational details can be found in
the Supporting Information, including summaries of the
electronic structure calculations (Note S1),43−45 construction
(see Note S2 and Figures S1−S3), and sampling (see Note S3

Figure 2. Composition (x) dependence of the jump in the heat capacity (a−d) and the transition temperature (e−h) for Ba8GaxGe46−x (a, e),
Ba8GaxSi46−x (b, f), Ba8AlxGe46−x (c, g), and Ba8AlxSi46−x (d, h). Panels (e−h) also include data that have been extracted from ref 28 (purple
diamonds in e), ref 19 (blue square in e, g), refs 32, 33 (purple diamond in f), ref 34 (blue squares in f), ref 30 (purple diamond in h), and ref 31
(blue squares in h). In cases where standard deviations have not been explicitly stated, these have been estimated to be 0.5 atoms per unit cell,
similar to other data from energy-dispersive X-ray spectroscopy.
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and Figure S4) of the alloy CEs42,46−49 as well as the phononic
heat capacity calculations (Note S4).50,51

■ RESULTS AND DISCUSSION

Features in the Heat Capacities. The contributions to
the heat capacities from the disorder obtained via WL
simulations (Figure 1b−e) clearly indicate that all of the
pseudobinary clathrates considered in this study
(Ba8GaxGe46−x, Ba8AlxGe46−x, Ba8GaxSi46−x, and Ba8AlxSi46−x)
exhibit order−disorder transitions. Specifically, sharp peaks can
be observed at specific temperatures, which are hallmarks of
continuous phase transitions.52 Interestingly, the calculated
transition temperatures are significantly lower for
Ba8GaxGe46−x and Ba8GaxSi46−x (200−300 K) compared to
Ba8AlxGe46−x and Ba8AlxSi46−x (600−800 K). Furthermore, the
transition temperatures are higher for Ba8GaxGe46−x than
Ba8GaxSi46−x, while the opposite behavior is observed when
comparing Ba8AlxGe46−x and Ba8AlxSi46−x. The results clearly
show that this phenomenon is sensitive to the nature of
trivalent elements (Al and Ga). The fact that the replacement
of Ge with Si in Ba8GaxGe46−x and Ba8AlxGe46−x yields
different effects could be explained in terms of lattice strain
since the Al and Si atoms have smaller atomic radii than Ga
and Ge. It is furthermore shown that the transition
temperature is not fixed for a given system but rather varies
slightly with composition, which is the most salient for
Ba8AlxSi46−x, followed by Ba8AlxGe46−x, Ba8GaxSi46−x, and
Ba8GaxGe46−x. When compared to experimental data extracted
from the literature (as outlined in the Introduction), it is clear
that a relatively good agreement is achieved for Ba8AlxGe46−x
and Ba8AlxSi46−x, while a significant underestimation by
∼200−300 K is observed in the case of Ba8GaxGe46−x and

Ba8GaxSi46−x. Though we have performed various tests for the
purpose of identifying the cause of these discrepancies, which
are presented in the Analysis of Deviations section, we have
not found an entirely satisfactory explanation.
To further characterize the transformation, we have

extracted and compared the transition temperatures together
with the magnitude of the associated jumps in the heat
capacity (Figure 2). While the data clearly show that the latter
increase almost linearly with the amount of the trivalent
element (x), similarly to the case of Ba8AlxGa16−xGe30,

19 the
former do not exhibit a clear composition dependence. This
can be due to the fact that the identification of the transition
temperature is ambiguous, especially for cases where the heat
capacity does not exhibit a clear peak. It thus appears as if the
correlation between the transition temperature and the
magnitude of the jump is relatively weak. Interestingly, we
observed clear linear trends for both these quantities in our
previous study of Ba8AlxGa16−xGe30.

19 For such a pseudoter-
nary system, however, the number of trivalent elements
remains constant when x increases, which is not true for a
pseudobinary, such as Ba8GaxGe46−x. The fact that bonds
between trivalent elements, which are known to be
unfavorable,20,39 are more numerous in the disordered state
suggests that the difference in energy between the ground and
high-temperature states should grow with the Al/Ga content.
At the same time, however, the total number of possible
configurations increases, which, in turn, leads to a higher
entropy for the disordered state. Indeed, the linear temperature
dependence of the heat capacity jump, for all four clathrates,
can be seen as an indication that the entropic contributions
actually dominate (Figure 2).

Figure 3. SOFs as functions of temperature and composition for Al/Ga atoms on 6c (a−d), 16i (e−h), and 24k (i−l) sites for Ba8GaxGe46−x (a, e,
i), Ba8GaxSi46−x (b, f, j), Ba8AlxGe46−x (c, g, k), and Ba8AlxSi46−x (d, h, l).
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By contrast, a pairwise comparison between the different
systems clearly shows that there is some degree of correlation
between the transition temperature and the magnitude of the
jump in the heat capacity since both quantities are significantly
higher for Ba8GaxGe46−x (Ba8GaxSi46−x) compared to
Ba8AlxGe46−x (Ba8AlxSi46−x).
Correlations with Site Occupancy Factors. In accord-

ance with our previous MC study of the pseudobinary
clathrates Ba8GaxGe46−x, Ba8GaxSi46−x, Ba8AlxGe46−x, and
Ba8AlxSi46−x,

39 the WL simulations clearly demonstrate that
the degree of chemical ordering, as represented by the SOFs,
varies strongly with both composition and temperature (Figure
3). A comparison of the SOFs with the contributions to the
heat capacities (Figure 1b−e) reveals neither clear correlations
nor striking differences between the systems. Yet, a common
trend is that the occupation of the 6c and 16i sites increases
(decreases) with temperature (number of Al/Ga atoms). Just
like the heat capacities, there are similarities between those
systems that contain the same trivalent element. Specifically,
the variations appear to be much weaker for Ba8GaxGe46−x and
Ba8GaxSi46−x relative to Ba8AlxGe46−x and Ba8AlxSi46−x. This is
especially true for Ba8GaxSi46−x (see Figures 1c, 3b,f,j, and S6).
On the other hand, in the case of Ba8GaxGe46−x (see Figures
1b, 3a,e,i, and S5), it is evident that the Ga SOF at the 6c and
16i sites increases sharply as one approaches the transition
temperature Ttrans ≈ 300 Ka. The same is true for Ba8AlxGe46−x
(see Figures 1c, 3c,g,k, and S7) and Ba8AlxSi46−x (see Figures
1d, 3d,h,l, and S8) at higher temperatures, namely, around
600−800 K. In addition, the SOFs for the Al-containing
systems display abrupt shifts as the Al content increases; the
occupation of the 6c and 16i sites increases sharply as the
composition approaches Ba8Al16Ge30 and Ba8Al15Si30, respec-

tively. It is interesting to note that peaks in the heat capacities
are only observed at higher Al content. We assume that it is
not a coincidence that the synthesis of Ba8AlxGe46−x with x ≥
1653,54 and Ba8AlxSi46−x with x ≥ 1531,55−59 has proved
difficult. Instead, we suggest that not only the chemical
ordering but also the order−disorder transition directly affects
the stability of these compounds. Since the transition becomes
less pronounced as the temperature increases and is almost
absent above 750 and 850 K for Ba8AlxGe46−x and Ba8AlxSi46−x,
respectively, it might, however, be possible to circumvent this
problem by rapidly cooling the reaction mixture after the
synthesis is complete, for instance via quenching.
The comparison between SOFs and heat capacities also

reveals a plausible explanation for the fact that significantly
lower transition temperatures are obtained (both experimen-
tally and computationally) for Ba8GaxGe46−x and Ba8GaxSi46−x
compared to Ba8AlxGe46−x and Ba8AlxSi46−x. In particular, this
is consistent with previous studies that have shown Al−Al
interactions to be less favorable than Ga−Ga interactions,
which is reflected by the larger pair effective cluster
interactions (ECIs) for the former.39 Therefore, it seems likely
that a higher temperature would be required to force the
transition to a disordered state, which contains more Al−Al
bonds. As we have previously argued,39 this is the reason why
Al atoms have a higher tendency to occupy a 6c site, which is
only connected to 24k and 16i sites.
Another particularly interesting result, which is most

apparent in the case of Ba8AlxGe46−x (Figure 3c,g,k) and
Ba8AlxSi46−x (Figure 3d,h,l), is that three distinct regions
appear when the SOFs and, less evidently, the heat capacities
are mapped as functions of temperature and composition
(Figure 1d,e). Specifically for Ba8AlxGe46−x (Ba8AlxSi46−x),

Figure 4. Al/Ga SOFs of 6c (red), 16i (blue), and 24k (orange) sites as functions of temperature for ground (a−d) and high-temperature (e−h)
Ba8GaxGe46−x (a, e), Ba8GaxSi46−x (b, f), Ba8AlxGe46−x (c, g), and Ba8AlxSi46−x (d, h) states. Experimental data for samples synthesized via solid-
state synthesis, also referred to as “shake and bake”,20 (upward triangles),53,60−64 flux growth19,32,33,53,60,62 (left triangle), Czochralski
pulling19,53,62,65 (right triangle), arc melting58,66 (octagon), and Ar ion melting,67 (square) have also been included.
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there exists one area that corresponds to a well-ordered ground
state with high 6c/16i SOFs for x ≲ 16 (x ≲ 15) and ≲650 K
and another with a lower order and 6c/16i SOFs for x ≳ 16 (x
≳ 15) and T ≲ 650 K (T ≲ 650−850 K) as well as a third
disordered region at temperatures above 650 K (650−850 K).
Another key observation, which is the most evident for
Ba8AlxSi46−x (Figure 3d,h,l), is that the transition line
separating the low-temperature (ordered) region (x ≳ 15
and T ≲ 650−850 K) and the high-temperature (disordered)
region varies with composition from about x ≈ 15 and T ≈ 650
K to x ≈ 18 and T ≈ 850 K in the same way as the ridge in the
heat capacity (Figure 1e).
The data presented above demonstrate that the SOFs can

serve as order parameters for the transition between the
ordered and disordered states. For this reason, we have also

compared the occupations for the ground-state and repre-
sentative high-temperature (1200 K) configurations with
experimental measurements from the literature (Figure 4).
For Ba8GaxGe46−x (Figure 4a,e) and Ba8GaxSi46−x (Figure
4b,f), one observes better agreement with experimental SOF
data for the high-temperature configurations. This indicates
that the site occupations are frozen in before the ground state
can be reached. This does not seem to be the case for
Ba8AlxGe46−x (Figure 4c,g) and Ba8AlxSi46−x (Figure 4d,h), for
which the ground-state SOFs are closer to the experimental
data.b This is consistent with higher transition temperatures,
which allows for sufficient kinetic activation below the
transition to reach the ordered (ground state) structure. This
is fully consistent with the conclusions drawn above from the
heat capacities from experiments and simulations.

Figure 5. Investigation of the discrepancy between the experimentally determined and calculated transition temperatures for Ba8GaxGe46−x. (a)
Experimental measurements by May et al.28 (b) Results from WL simulations for 1 × 1 × 1 (dotted purple line), 2 × 2 × 2 (solid blue line), and 3
× 3 × 3 (dashed green line) supercells as well as results obtained when using a ternary (Ba8AlxGayGe46−x−y) CE (dashed-dotted orange line). (c)
Data obtained by sampling a Ba8GaxGe46−x−y□y CE with no (solid blue line), a single (dashed purple line), two (dotted red line), and three
(dashed-dotted pink line) vacancies (□). (d, e) Heat capacities extracted from MC simulations, at 700 K, for ensembles of CEs (thin line) trained
using either RFE with OLS (d) or ARDR (e); this also includes results for the average CE (thick line). (f) Difference between the energies for the
ground state and the representative high-temperature (1200 K) configuration calculated using PBE,68 PBEsol,69 SCAN,70 and vdW-DF-cx71,72

functionals. Here, “Ga/Ge d” represents calculations, based on vdw-DF-CX, for Ga and Ge pseudopotentials that treat d orbitals as valence states.
(g) Electronic (red) and phononic (blue) contributions to the heat capacity, the latter of which has been calculated based on the harmonic
approximation.
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Analysis of Deviations. We have found semiquantitative
agreement for the transition temperatures between the
experiment and the simulation for Ba8AlxGe46−x and
Ba8AlxSi46−x. For Ba8GaxGe46−x and Ba8GaxSi46−x, however,
there is a notable underestimation. In this section, we therefore
consider various possible sources, including both systematic
errors related to the computations as well as contributions to
the heat capacity from sources other than the chemical
disorder. We focus on Ba8Ga16Ge30, instead of Ba8Ga16Si30,
because the former has been more extensively studied.
Before proceeding, we emphasize that the energy differences

involved are extremely small since these are continuous phase
transitions. The extent to which the present models and the
underlying DFT can capture this phenomenon is therefore
already impressive.
First, we have compared the calculated heat capacities

obtained from WL simulations based on 1 × 1 × 1, 2 × 2 × 2,
and 3 × 3 × 3 supercells when using Ba8GaxGe46−x and, in the
2 × 2 × 2 case, Ba8AlxGayGe46−x−y CEs with the experimental
measurements by May et al.28 (Figure 5a,b). As expected, the
use of a larger system shifts the transition to a lower
temperature and thus leads to an even larger discrepancy.
Since Ba8GaxGe46−x is known to contain vacancies, especially

for off-stoichiometric compositions,25 we trained a
Ba8GaxGe46−x−y□y CE, where □ represents a vacancy. The
WL simulations using this model show that the peak not only
appears at a slightly lower temperature but is also significantly
dampened and almost disappears for y ≥ 2 (Figure 5c).
We also checked the degree of variation with respect to the

choice of fitting method as well as the set of training structures
used when constructing the CEs. These tests included the
analysis of heat capacities obtained by sampling ensembles of
models that have been trained with recursive feature
elimination (RFE) based on ordinary least squares (OLS)
and automatic relevance detection regression (ARDR),
respectively, at 700 K using MC simulations (Figure 5d,e).
Both methods yield comparable results but the variation in the
peak positions predicted by the individual CEs can be as large
as 200 K. Even so, the results are clustered at around 400 K,
which is still 250 K lower than the experimentally determined
temperature.
To check that the role of the underlying DFT calculations,

we compared the energies obtained with PBE,68 PBEsol,69

SCAN,70 and vdW-DF-cx71,72 functionals (Figure 5f). For the
latter functional, we also carried out an extra set of calculations,
using project augmented wave setups for Ga and Ge that
include the d-electrons among the valence states. The
estimates of the difference in energy between the representa-
tive high-temperature structure and the ground state vary by
up to 2.5 meV host site−1, which is small compared to the
underestimation of the transition temperature (250 K ≈ 22
meV).
None of the possible sources of error discussed above are

likely to be the sole cause of the discrepancy with respect to
experiments. We therefore also calculated the electronic and
phononic contributions to the heat capacity (Figure 5g). As
reported previously,19 the former was determined by running
Boltzmann transport theory (BTT) calculations for ground-
state and high-temperature configurations, obtained with the
help of a Ba8AlxGayGe46−x−y CE, using the BOLTZTRAP2
software.73 We find that the electronic contribution for the
high-temperature state is not only higher but also increases
more quickly with temperature, which gives a difference of

about 0.007 kB/atom at 1000 K. This is, however, still an order
of magnitude too small to have a notable impact on the total
heat capacity. Based on the linear relationship between the
jump in heat capacity and transition temperature observed for
Ba8AlxGayGe46−x−y,

19 we estimate that the corresponding
temperature shift should be no higher than 10 K.
A similar conclusion can be drawn with respect to the

phononic contributions, which were calculated based on the
harmonic approximation with the help of PHONOPY

50 using
structures that were extracted in the same way as those used
for the electronic transport calculations. In the present case,
however, we employed a Ba8GaxGe46−x CE when running the
MC simulations. The difference between the phononic heat
capacity for the high-temperature configuration and the ground
state is not only predicted to decrease with temperature but is
in fact even smaller than the electronic contribution, with a
maximum of about 0.001 kB/atom at 200 K. This is consistent
with higher-temperature phases commonly being vibrationally
softer (due to energetically less favorable bonding config-
urations) than low-temperature phases (due to energetically
more optimized bonding configurations), as discussed, e.g., in
ref 74.
As there appears to be no singular reason for the observed

deviation, it is likely the consequence of a number of different
factors, including the underlying DFT calculations (including
the treatment of the d-states) and the electronic entropy.

■ CONCLUSIONS

We have conducted a comprehensive computational study of
order−disorder transitions in the pseudobinary clathrates
Ba8GaxGe46−x, Ba8GaxSi46−x, Ba8AlxGe46−x, and Ba8AlxSi46−x,
using alloy CEs and WL simulations. All four systems exhibit
order−disorder transitions across the composition range that is
the most relevant from a practical perspective (14 ≤ x ≤ 18).
We have found evidence in the literature that this
phenomenon is common among type-I clathrates, e.g., in
Ba8AlxGayGe46−x−y,

19 Ba8−yEuyAlxSi46−x,
30 Ba8GaxInyGe46−x−y,

35

Ba8BxAlySi46−x−y,
36 and Ba8−ySryAlxSi46−x

37 as well as
Rb8Sn44□2 and Cs8Sn44□2.

17,18

Our previous study of Ba8AlxGayGe46−x−y
19 has demon-

strated that order−disorder transitions can lead to key changes
in the band structure, which, in turn, affect the electronic
transport properties. It is therefore clear that the order−
disorder transition is of interest also from a practical
perspective. This can make it worthwhile to revisit some of
these systems, as it is not uncommon for such transitions to be
neglected or overlooked, for instance when estimating thermal
transport properties.1 Hopefully the present study can serve as
a guide for the exploration of similar phenomena in other
pseudobinary and ternary alloys, in which two chemical species
occupy the same sublattice, as well as the type of information
that can be gained from such investigations.
While for the Al-containing systems, we have found good

agreement with the experiment, we observed a notable
underestimation for the Ga-containing clathrates. We have
considered several possible reasons but it appears that the error
has multiple sources, which can warrant closer inspection.
Nonetheless, given the very small energy differences that are
involved in such a continuous transition, the ability of both the
underlying DFT calculations and the CE models to capture
this phenomenon is impressive.
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■ ADDITIONAL NOTES
aWe note that the variations of the SOFs in refs 38, 39 are
much smoother. This is due to the fact that these studies
employed direct MC simulations, for which critical slowdown
makes it computationally extremely demanding to properly
sample the system near the transition, motivating the use of the
WL technique.47
bWe note that some of the experimental data correspond to
compositions with low Al content. They are therefore likely to
contain vacancies, which complicates the comparison between
the simulation and the experiment.
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Figure S1: Learning curves. Learning curves for Ba8GaxGe46–x (a,e,i), Ba8GaxSi46–x (b,f,j), Ba8AlxGe46–x
(c,g,k), and Ba8AlxSi46–x (d,h,l), which includes (a-d) the root-mean-square error (RMSE) calculated via cross-
validation (CV) and (e-h) the number of features (nonzero parameters) versus percentage of training structures
as well as (i-l) the CV-RMSE as a function of the number of features when 90% of the structures have been
used for training.
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x = 16 (e,n), x = 16.5 (f,o), x = 17 (g,p), x = 17.5 (h,q), and x = 18 (i,r).
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Figure S6: Heat capacity and SOFs for Ba8GaxSi46–x . Temperature dependence of the contribution
to the heat capacity from disorder (a-i) as well as the SOFs, at the 6c (red); 16i (blue); and 24k (orange) sites
(j-r) for Ba8GaxSi46–x with x = 14 (a,j), x = 14.5 (b,k), x = 15 (c,l), x = 15.5 (d,m), x = 16 (e,n), x = 16.5
(f,o), x = 17 (g,p), x = 17.5 (h,q), and x = 18 (i,r).
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Figure S7: Heat capacity and SOFs for Ba8AlxGe46–x . Temperature dependence of the contribution
to the heat capacity from disorder (a-i) as well as the SOFs, at the 6c (red); 16i (blue); and 24k (orange) sites
(j-r) for Ba8AlxGe46–x with x = 14 (a,j), x = 14.5 (b,k), x = 15 (c,l), x = 15.5 (d,m), x = 16 (e,n), x = 16.5
(f,o), x = 17 (g,p), x = 17.5 (h,q), and x = 18 (i,r).
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Figure S8: Heat capacity and SOFs for Ba8AlxSi46–x . Temperature dependence of the contribution
to the heat capacity from disorder (a-i) as well as the SOFs, at the 6c (red); 16i (blue); and 24k (orange) sites
(j-r) for Ba8AlxSi46–x with x = 14 (a,j), x = 14.5 (b,k), x = 15 (c,l), x = 15.5 (d,m), x = 16 (e,n), x = 16.5
(f,o), x = 17 (g,p), x = 17.5 (h,q), and x = 18 (i,r).
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Supporting Tables

composition Ttrans (K) source
Ba8Ga16Ge30 ∼ 650 figure 10 in Ref. 1
Ba8Ga16Ge30 ∼ 650 figure S2 in Ref. 2
Ba8Al15Ge31 ∼ 640 figure S2 in Ref. 2
Ba8Ga15.7Si30.3 ∼ 450 figures 4 and 6 in Ref. 3
Ba8Ga15.7Si30.3 ∼ 450 figure 3 in Ref. 4
Ba7.71Ga14.04Si32.24 ∼ 450 figure 14 in Ref. 5
Ba7.65Ga14.51Si31.84 ∼ 450 figure 14 in Ref. 5
Ba7.79Ga14.81Si31.40 ∼ 450 figure 14 in Ref. 5
Ba7.60Ga14.78Si31.63 ∼ 450 figure 14 in Ref. 5
Ba8Al13.99Si30.82 ∼ 850 figure 5c in Ref. 6
Ba7.98Al11.97Si34.03 ∼ 805 figure 8a,c in Ref. 7
Ba7.92Al13.74Si32.26 ∼ 815 figure 8a,c in Ref. 7
Ba8.02Al14.74Si31.26 ∼ 815 figure 8a,c in Ref. 7

Table S1: Experimental transition temperatures. Transition temperatures extracted from various liter-
ature sources.
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Supporting Notes
Note S1: Electronic structure calculations.
In order to construct alloy CEs (Note S2) for Ba8GaxGe46–x ; Ba8GaxSi46–x ; Ba8AlxGe46–x ; and Ba8AlxSi46–x ,
target data was generated by collecting the energies for 291; 240; 240; and 241 randomly generated configura-
tions, respectively. Specifically, both the ionic positions and the cell metric were relaxed at the level of density
functional theory (DFT) using the projector augmented wave (PAW) method (8, 9), as implemented in the Vi-
enna ab initio simulation package (VASP) (10). The calculations were, moreover, based on Γ-centered 3× 3× 3

k-point meshes and carried out until the residual forces dropped below 5meVÅ−1. Additionally, a 319 eV plane
wave energy cutoff as well as a Gaussian smearing of 0.1 eV were applied for all systems. The van-der-Waals
density functional method (11) with consistent exchange (vdW-DF-cx) (12) was, generally, employed to account
for exchange-correlation effects. A number of test calculations were also carried out, which either involved the
use of a different functional, namely PBE (13); PBEsol (14); and SCAN (15), or employed pseudo-potentials
for Ga and Ge that include the d shell among the valence states.

Note S2: Cluster expansion construction.
An alloy CE model can be used to represent a given chemical configuration via the population of sites on the
corresponding lattice. It is thus similar to the generalized Ising model, with the difference that interactions
can involve multiple sites and is not restricted to nearest-neighbors. Specifically, the total energy of the system
is expressed as a sum over ECIs, each of which is associated with a group of lattice sites, also referred to as
a “cluster”. In order to describe the energetics of any given configuration, the unknown expansion coefficients
must first be determined, which is achieved through an advanced fitting procedure that is based on data
typically calculated using a first-principles method such as DFT. A crucial point in this context is that atomic
relaxation will effectively be taken into account, if the structures used for the training have been properly
relaxed, even though the model itself describes a rigid lattice. Monte Carlo (MC) simulations are commonly
employed to sample the alloy CEs, which makes it possible to predict the properties of a material across multiple
compositional degrees of freedom with the same accuracy as the underlying first-principles calculations.

For each of the four pseudo-binary clathrates, we employed the icet software package (16) to train the
alloy CEs based on sets of randomly generated structures, which had previously been relaxed using DFT
(Note S1). When the pair and triplet cutoffs were both set equal to about one half of the lattice parameter
(5.4Å), this resulted in 40 symmetry inequivalent clusters, consisting of 3 singlets, 13 pairs and 23 triplets. To
obtain as efficient models as possible, we tested three different fitting methods, namely least absolute shrinkage
and selection operator (LASSO), automatic relevance detection regression (ARDR), and ordinary least squares
(OLS) with recursive feature elimination (RFE), before constructing the final CE. In agreement with previous
studies (16, 17), this comparison (Figure S1) clearly shows that the latter method outperforms the other two
both in terms of the CV RMSE score as well as the number of nonzero parameters. In particular, ARDR
generally gives much larger errors while LASSO is very ineffective at reducing the number of features. This
result is, however, not unexpected since OLS is known to be efficient for tackling overdetermined systems
(16, 17).

It is interesting to note that the ECIs for the various clathrates differ substantially (Figure S2), especially
given the fact that these provide information regarding the atomic interactions between the different species
that occupy the active sublattice (18). For instance, the fitting procedure described above reduced the number
of triplets to zero for both Ba8GaxGe46–x and Ba8AlxGe46–x . In addition, Ba8GaxSi46–x is the only system
for which the singlets are positive, indicating that the incorporation of Ga in the Si lattice is energetically
unfavorable. Note, however, that the total energy is still negative, owing to the fact that the magnitude of
the zerolet is larger (−2.89Å atom−1) compared to, e.g., Ba8GaxGe46–x (−2.56Å atom−1) Though this result
contrasts with our previous study (18), one should keep in mind that a different fitting method was employed
in that case. There is, moreover, a good agreement with respect to other key features, including that the
contributions from pairs are lower for the systems that contain Ga (Ba8GaxGe46–x and Ba8GaxSi46–x) as
opposed to Al (Ba8AlxGe46–x and Ba8AlxSi46–x). In addition, we obtain similar predictive errors, which are
specifically mainly distributed between ±2.5meV atom−1 for all four systems (Figure S3). This also applies to
the final CV RMSEs, since the scores for Ba8GaxGe46–x , Ba8GaxSi46–x , Ba8AlxGe46–x , and Ba8AlxSi46–x are
0.80meV site−1, 0.60meV site−1, 1.2meV site−1 and 1.1meV site−1.

Note S3: Monte Carlo simulations.
A combination of MC and WL (19) simulations, as implemented in the mchammer module of icet (16),
were carried out, in the canonical ensemble, to sample the Ba8GaxGe46–x ; Ba8GaxSi46–x ; Ba8AlxGe46–x ; and
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Ba8AlxSi46–x CEs (Note S2). The former, more precisely, involved lowering the temperature from 1200K to 0K
with 22 000MC cycles per 100K step for all compositions with between 6 and 20 trivalent elements (Al/Ga).
Here, the main purpose was to generate primitive special quasi-ordered structures (20) that could be used to
represent the high temperature configurations. Specifically, these were constructed so as to match the average
cluster vector, for 2 × 2 × 2 supercells, at 1200K. Though the ground states could have been extracted from
the same simulations, these were identified using an alternative approach based on mixed integer programming
(MIP) (21), using functionalities built into icet. In particular, this method is, contrary to MC sampling,
guaranteed to find the configuration that corresponds to the global energy minimum. The aim of the WL
simulations, meanwhile, was to obtain information regarding the relationship between the heat capacity and
the chemical ordering. Because this method is very demanding, in terms of the number of MC steps, fewer
stoichiometries (14 ≤ Al/Ge ≤ 18) were considered. For the same reason, it was necessary to divide the energy
range into a number of bins, which were converged in parallel. We, furthermore, employed an energy spacing
of 50meV as well as a 80% flatness criteria for the energy histograms and set the convergence limit, for the fill
factor, to 10−7. The reason why we have mainly used 1×1×1 and 2×2×2 supercells for both the MC and WL
simulations, even though these are not sufficient to minimize finite size effects, is that our initial tests showed
that the gains, in terms of shifts in the transition temperature, obtained by increasing the size to 3× 3× 3 are
small compared to the tremendous efforts that are required in order to reach convergence when using the latter
method (Figure S4). To test the robustness of the transition temperature estimates we, additionally, carried out
MC simulations in the canonical ensemble, to sample a collection of 200 CEs, which had been independently
trained using either OLS with RFE or ARDR, for a fixed composition (Al/Ga = 16) and temperature (700K).

Note S4: Phononic heat capacity.
The phononic contribution to the heat capacity was determined based on the harmonic approximation using
the phonopy code (22). As a first step, force constants (FCs) were constructed with help of the hiphive
software package (23). Specifically, this involved generating 10 “rattled” structures by taking a ground state,
or high temperature, configuration and drawing atomic displacements from a Gaussian distribution with a
0.02Å standard deviation. A second order FC potential was subsequently fitted to the corresponding data sets,
obtained by combining the displacements and forces, calculated with VASP, using the OLS method. Finally,
the FCs extracted from the former were employed to calculate the thermal properties between 10K and 2000K
using a 36× 36× 36 q-point mesh.
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