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Abstract
Intermetallic clathrates exhibit great variability with respect to elemental composition and distribution. While this provides a lot of flexibility for tuning properties
it also poses a challenge with regard to developing a comprehensive understanding of
these systems. Here, we employ a combination of alloy cluster expansions and density
functional theory calculations to exhaustively sample the compositional space with abinitio accuracy. We apply this methodology to study chemical ordering and related
properties in the clathrate systems Ba8 Alx Si46−x , Ba8 Alx Ge46−x , Ba8 Gax Ge46−x , and
Ba8 Gax Si46−x as a function of composition and temperature. We achieve very good
agreement with the available experimental data for the site occupancy factors (SOFs)
even for stoichiometries outside the composition range considered during construction
of the cluster expansions. This validation enables us to reconcile the variations in the
experimental data and explain non-monotonic variations of the SOFs. In particular, we
provide a rationale for the extreme SOF behavior with varying composition observed
in Al based clathrates. Furthermore, we quantify the eﬀect of chemical ordering on
both heat capacity and lattice expansion. Finally, we determine the eﬀect of chemical
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disorder on the displacements of the guest species (Ba), which enables us to at least
partially explain experimental observations of the nuclear density of Ba in diﬀerent
clathrates.

Introduction
Clathrates represent a broad class of chemical substances with a defined lattice structure that
can trap atomic or molecular species. 1 In particular, so-called intermetallic clathrates such
as Ba8 Ga16 Ge30 or Sr8 Ga16 Ge30 have received a lot of attention due to their thermoelectric
performance. 2–6 In these systems alkaline and earth alkaline but also some rare earth atoms
can occupy cages in the host structure, which is most commonly composed of elements from
groups 13 and 14 although other constituents are possible. 7 These structures are realizations
of the Zintl concept, i.e. the stoichiometric compounds are fully charge balanced, small gap
semiconductors. 2,7–9 In practice, deviations from perfect stoichiometry are common leading
to intrinsically doped materials, a feature that can be beneficial, for example for manipulating
electrical transport properties.
Clathrates are classified according to their symmetry. 2,7 The majority of known intermetallic clathrates belong to type I and crystallize in space group Pm3̄n (international tables
of crystallography number 223). 7 Many of the compounds studied so far have the general
composition A8 B16 C30 , where B and C form the host structure and occupy 6c, 16i, and 24k
Wyckoﬀ sites (Fig. 1). 9 While it is most common for the guest species A to be cationic and
B and C to be anions, there also exist so-called inverse (cationic) clahtrates, in which the
host-guest polarity is reversed. 10
Experimental measurements of the site occupancy factors (SOFs) in many clathrates
show that the elemental distribution over the diﬀerent crystallographic sites is not simply
random. 3 For example in the case of Ba8 Ga16 Ge30 , analysis of diﬀraction data yields Ga
occupancies between 60 and 76% for the 6c site, which deviates considerably from the value
of 35% corresponding to the stoichiometry of the compound. 11 The experimental observations
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have been condensed into a set of rules for the SOFs, 3 partially based on calculations, 12 which
have shown that bonds between trivalent species are energetically unfavorable.
The degree of chemical order has been found to vary not only between diﬀerent compounds but also with stoichiometry with subsequent eﬀects on the host atom structure. 3,13,14
By extension, chemical order has also been shown to impact the transport properties in
these materials. 15 This suggests that a fine control of properties, in particular pertaining
to transport, can be achieved by adjusting composition and stoichiometry. As a result of
the complexity of navigating this multidimensional space as well as the experimental eﬀort
required to resolve order in the form of SOFs, this is, however, a very challenging task. 16
Here, we therefore present a systematic computational study of chemical order and its
eﬀect on structure and thermodynamics in a series of ternary intermetallic clathrates with
A=Ba, B=Al/Ga, and C=Si/Ge. To this end, we employ a combination of first-principles
calculations and lattice Hamiltonians (alloy cluster expansions) that enables us to sample
both temperature and composition space with high accuracy. Where comparison is possible
our simulations closely match experimental data, which allows us to reveal the general behavior of these materials and eﬀects that are not immediately apparent from the experimental
data. We demonstrate that by varying the composition of these materials the SOFs and
thus the degree of chemical ordering can be altered dramatically. Furthermore the chemical
ordering is shown to systematically aﬀect the average displacement of the guest species (Ba).
This provides a key to understanding the origin of the non-spherical nuclear density of Ba
observed experimentally in some clathrates. 13
Recent computational work on inorganic clathrates has addressed ground state structures
in Ba8 Ga16 Ge30 (Ref. 15) as well as Ba8 Alx Si46−x (Ref. 17) with an emphasis on electronic
properties. In addition, the SOFs in stoichiometric Ba8 Ga16 Ge30 have been analyzed. 15 In
the present work, we go beyond these studies by addressing the variation of the SOFs with
composition and temperature, and by conducting this investigation for a series of clathrates.
Furthermore, we emphasize the coupling between order and thermodynamic properties, as
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well as the connection to experiment.
The remainder of this paper is organized as follows. In the next section, we outline
the construction of the alloy cluster expansions used in this work as well as the density
functional theory calculations that were carried out to obtain input data. This is followed
by the presentation of results for stoichiometric materials, in particular the temperature
dependence of the site occupancy factors, which sets up an analysis of the contributions of
chemical order on heat capacity and lattice expansion. We then extend the scope to nonstoichiometric compositions, which provides a comprehensive picture of ordering in these
materials, along with a rather extensive comparison with experimental data. Finally, we
describe the coupling between chemical order and the oﬀ-center displacement of the guest
species (Ba) atoms.

Methodology
Alloy cluster expansions
Given a 16:30 ratio between group 13 and 14 elements, there are 46!/30!/16! ≈ 1012 diﬀerent
ways of distributing the atoms in the primitive unit cell. While this number is reduced by
about one orders of magnitude when taking into account symmetry, the remaining space is
still extremely large and cannot be suﬃciently sampled by density functional theory (DFT)
calculations alone. Here, we therefore resort to the alloy cluster expansion (CE) technique
which allows at least in principle an exact mapping of ordering energetics onto an eﬀective
lattice Hamiltonian. 18,19 The energy of the system is expressed in the form of a generalized
Ising model, which not only includes pair (second order) terms but also higher order “clusters” including e.g., triplets (involving three sites) or quadruplets (four sites). Using a CE
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the energy can be formally written as

E(σ) = E0 +

∑

mα Jα Π̄α (σ).

(1)

α

Here, Jα are the so-called eﬀective cluster interactions (ECIs) that are associated with the
symmetry inequivalent clusters α, which occur with multiplicity mα . The occupation of
diﬀerent sites is represented by the “spin” vector σ, each value of which indicates the occupation of a site in the system (here, −1 and +1 for group-13 and 14 elements, respectively).
Finally, Π̄α is a symmetrized product over the spin variables, which, approximately speaking,
represents the average occupation (“decoration”) of cluster α by the species considered in
the CE. It is important to emphasize that while the CE is itself restricted to a rigid lattice,
atomic relaxation and strain contributions to the energy are eﬀectively incorporated in the
ECIs if the CE is trained using relaxed structures. Furthermore, we note that the expansion
Eq. (1) is not restricted to the energy but can be extended to other properties including,
e.g., electronic properties 15 or, as in the present work, the lattice parameter.
In order to construct the CE, i.e. obtain the set of ECIs representing the energy landscape for a certain material, we employed compressive sampling 20 in conjunction with the
split-Bregman algorithm, 21,22 which has been shown to be very eﬃcient for constructing physically sound and very accurate CEs. 23 To this end, we used our in-house integrated cluster
expansion toolkit (icet). Recently, we successfully employed the same approach to describe
chemical ordering and its eﬀect on transport properties in stoichiometric Ba8 Ga16 Ge30 . 15
For each of the four elemental combinations, we constructed a CE based on a set of
290 structures for Ba8 Gax Ge46−x and 240 for the remaining three alloys, which were relaxed
and characterized using DFT calculations. For Ba8 Gax Ge46−x the set included 101, 163, 21
and 6 structures with stoichiometries of 16:30, 15:31, 14:32 and 13:33, respectively. For the
remaining three materials the set comprised 171, 42, 21 and 6 structures with stoichiometries
of 16:30, 15:31, 14:32 and 13:33, respectively.
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The cluster vector space considered during the optimization of the ECIs included 90
clusters up to third order. The µ parameter, which controls the sparsity of the CS solution,
was set to 0.001 while the λ-parameter that enters in the split-Bregman algorithm was set
to 100 (see Ref. 23 for a discussion of these parameters). These values were chosen based
on a preliminary screening study. This specific choice has, however, only a minor impact on
the final results and mostly aﬀects the eﬃciency of the optimization procedure.
We note that experimentally vacancies are known to be present in notable concentrations, especially for samples that are very far from the stoichiometric composition, e.g., for
Ba8 Gax Ge46−x with x = 3.5 − 5. 24 Here, we do not include this eﬀect, whence our results
for these extreme compositions should be regarded as idealized approximations of the real
behavior.
The CEs were sampled using Monte Carlo (MC) simulations. Simulated annealing runs
were carried out by initializing a system composed of one unit cell at 1200 K, after which the
temperature was gradually reduced at a rate of at most 25 K/20,000 MC cycles. 25 At each
temperature the system was equilibrated for 2,000 MC cycles, followed by 30,000 MC cycles
during which statistics were gathered. In addition, simulations were carried out at constant
temperature and variable composition using the variance constrained semi-grandcanonical
ensemble. 26

Electronic structure calculations
The parametrization of the CE Hamiltonian described in the previous section requires total energies for a set of representative structures. To this end, density functional theory
(DFT) calculations were carried out using the projector augmented wave method 27,28 as
implemented in the Vienna ab-initio simulation package. 29,30 The generalized gradient approximation as parametrized in Ref. 31 was employed to represent the exchange-correlation
functional. The Brillouin zone was sampled using a Γ-centered 3 × 3 × 3 k-point mesh
and the plane wave basis set was expanded up to cutoﬀ energies of 319 eV (Ba8 Alx Si46−x ,
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Ba8 Gax Si46−x ), 312 eV (Ba8 Alx Ge46−x ), and 243 eV (Ba8 Gax Ge46−x ).
Structures comprising a single unit cell of 54 atoms were created by randomly assigning
Ga and Ge atoms to the 6c, 16i, and 24k Wyckoﬀ sites of the host structure. For each
structure both the ionic positions and the cell metric were fully relaxed until atomic forces
were less than 10 meV/Å and absolute stresses below 0.1 kbar.
We note that more refined algorithms are available for generating input structures. 23,32
They are, however, diﬃcult if not prohibitive to apply in the present context due to the very
large number of possible chemical distributions that can be realized already for the primitive
unit cell. The validation presented below demonstrates though that the approach taken here
succeeds in providing predictive as well as accurate CEs.
For the ground state structures obtained by simulated annealing (see below) we evaluated the thermal lattice expansion and heat capacity at the level of the quasi-harmonic
approximation using the phonopy package. 33 To this end, we conducted additional calculations at several volumes spanning a range of approximately 0.85a0 to 1.05a0 , where a0 is
the calculated lattice parameter.

Results and discussion
Validation of cluster expansions
The performance of each CE was evaluated using the leave-one-out cross-validation score
and the final CEs achieved very low scores of 0.6, 0.8, 0.8, 1.2 meV/atom for Ba8 Gax Ge46−x ,
Ba8 Alx Ge46−x , Ba8 Gax Si46−x and Ba8 Alx Si46−x , respectively. This accuracy is not restricted
to stoichiometric compositions but applies to a wide concentration range (Fig. 2).
The ECIs decrease in magnitude by approximately one order of magnitude for each
increase in order (Fig. 3). The singlet interactions exhibit a clear hierarchy where 6c > 24k >
16i, which implies that in the absence of group-13/group-13 interactions the occupation of
6c sites is energetically the most favorable.
7

One can furthermore observe that the pair interactions are considerably larger if the
clathrate contains Al compared to Ga. As will be discussed below, this causes an inversion of the ordering of the occupation factors for 24k and 16i sites in Ba8 Alx Si46−x and
Ba8 Alx Ge46−x , compared to the Ga-containing variants. Beyond-nearest-neighbor pair as
well as triplet terms are generally much smaller and can be even set to zero without a big
loss of accuracy, in agreement with similar observations for Ba8 Alx Si46−x and Sr8 Alx Si46−x . 17
The ordering of the singlet ECIs is in line with the established rule that at least for
Ga-based clathrates the 16i site is preferentially occupied by group-14 species. 12 As will be
shown below, this rule alone is, however, insuﬃcient to explain the variation of the SOFs in
non-stoichiometric Al-based clathrates since pair interactions play an important role.
Using simulated annealing we determined the ground state structures at stoichiometric
composition, which were subsequently relaxed at the DFT level. For all four materials, the
CEs predicted the DFT energy of the ground state structure to within 2 meV/atom. In all
cases, the chemical distribution corresponds to the one reported previously for Ba8 Ga16 Ge30 15
and the ground state structures belong to space group R3 (International Tables of Crystallography no. 146) and are provided in the Supplementary Information.

Stoichiometric compositions
Site occupancy factors
Following the successful validation of the CEs, further MC simulations were carried out in
order to gather statistics concerning the elemental distribution and in particular the site
occupancy factors (SOFs) as a function of both composition and temperature.
We first consider the behavior of the stoichiometric systems (group-13:group-14 = 16:30).
The materials exhibit some qualitative similarities in the temperature dependence of the
SOFs (Fig. 4). At high temperatures (1000–1200 K) the SOF for 6c sites ranges from 55 to
65% while for 16i sites it falls between 20 and 30% and for 24k sites values from 30 to 40%
are obtained. The statistical limit of 16:30=35% is only reached for all sites in the very high
8

temperature limit (> 20000 K).
For all four systems, the SOFs for 6c and 24k sites approach 50% at low temperatures,
whereas the 16i SOF converges to 6.25%. Ultimately, this leads to the ground state structure
described above. 15 It is interesting to note that the SOFs for this structure coincide with those
of the lowest energy structure described in Ref. 12, which was obtained by simultaneously
minimizing the 16i SOF and the number of Ga–Ga bonds.
While the four materials considered here exhibit very similar behavior in the low and
high-temperature limits, there are clear diﬀerences in the intermediate temperature region.
Most notably, we obtain higher 6c SOFs for the Ga-based clathrates, which can be traced
back to the ECIs according to which the pair interactions are weaker than in the case of the
Al-based clathrates. As a result, the Ga-based clathrates can occupy more of the energetically
favorable 6c sites tolerating the cost of relatively more Ga-Ga nearest neighbors.

Heat capacity
The variation of chemical order with temperature is driven by the balance between energy
and entropy. Hence, there should also be a configurational energy term that contributes
to the heat capacity of the material. The latter can be obtained from the temperature
dependence of the average energy ⟨E⟩ recorded during MC sampling or, more directly, the
variance of the energy ⟨∆E 2 ⟩ according to
⟨
⟩/
∆cchem = ∆E 2 kB T 2 .

(2)

According to the MC simulations, at the stoichiometric composition, the contribution to
the heat capacity due to chemical order can reach values of up to 15 kB /unit cell in the case of
Ba8 Ga16 Ge30 and Ba8 Al16 Si30 and of about 10 kB /unit cell for Ba8 Ga16 Si30 and Ba8 Al16 Ge30
[Fig. 5(a)]. By comparison with the temperature variation of the SOFs (Fig. 4) it is apparent
becomes maximal approximately in those temperature regions, at which the
that ∆cchem
v
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SOFs undergo the largest change. This eﬀect is about one order of magnitude smaller than
the vibrational contribution to the (isobaric) heat capacity. The latter can be obtained from
calculations of the phonon density of states in the quasi-harmonic approximation, which
for the ground state structures yields values between 1200 (Ba8 Al16 Si30 ) to 1400 J/mol K
(Ba8 Ga16 Ge30 ) 144 to 168 kB /unit cell in the temperature range between 300 and 900 K and
thus above the Debye temperature, which is commonly around 300 K.
In the experimental literature several studies have reported anomalies in the temperature
dependence of the heat capacity of clathrates. 34,35 In particular, May et al. observed an
abrupt increase in the heat capacity of nearly stoichiometric Ba8 Ga16 Ge30 at about 650 K
by 0.03 J/mol/g=15 kB /unit cell, which is comparable in magnitude to the contribution of
chemical order predicted above [Fig. 5 (a)]. Furthermore, the temperature of 650 K, at
which the feature is observed, falls in the temperature range of 600 to 700 K, in which one
can expect the chemical order to be frozen in (see below). This suggests that the observed
jump in heat capacity could be at least partly caused by chemical ordering. We note that this
feature in the heat capacity is not observed in all studies. This could be caused by diﬀerent
heating/cooling rates as well as the sensitivity of ∆cchem to composition (see Fig. S3 in the
Supplementary Information).

Chemical expansion
From the configurations, for which DFT calculations have been conducted, it is apparent that
the degree of chemical order also aﬀects the lattice parameter. To provide a more quantitative
description of this coupling, additional CEs for the cell volume were constructed and sampled
in parallel during the simulated annealing simulations described above. (Details pertaining
to the construction of these CEs can be found in the Supplementary Information).
The results demonstrate that chemical disordering can change the lattice parameter
by as much as 0.08 Å over the temperature range from 0 to 1200 K, both in the negative
[Ba8 Ga16 Si30 in Fig. 5(b)] and positive direction [Ba8 Al16 Ge30 , Ba8 Ga16 Ge30 in Fig. 5(b)].
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The eﬀect is only negligible in the case of Ba8 Al16 Si30 . The variation of the lattice parameter with order translates to a chemical contribution αlchem to the linear thermal expansion
coeﬃcient. It is largest in the case of Ba8 Al16 Ge30 where it reaches 1.6 × 10−6 /K [Fig. 5(b)]
to be compared with a thermal expansion coeﬃcient due to phonons obtained in the quasiharmonic approximation of αlphonon = 17 × 10−6 /K [Fig. 5(c)]. The chemical expansion in
these systems is thus typically at least one order of magnitude smaller than the phononic
contribution.

Non-stoichiometric compositions
One can readily synthesize non-stoichiometric intermetallic clathrates with compositions that
deviate substantially from the ideal 16:30 ratio between trivalent and tetravalent ions. 3,14
Non-stoichiometry is often desirable since it provides a convenient means for tuning the
charge carrier concentration in these small band gap systems by (intrinsic) doping. As will
be shown in the following, there is an intimate and non-monotonic coupling between the
SOFs and the composition that translates into distinct changes in the structure of the cages
(see below).
All four systems were sampled at several diﬀerent temperatures. In addition, we conducted simulated annealing runs, in which the temperature was reduced to zero Kelvin in
order to obtain purely energy optimized “ground state” structures.

Site occupancy factors
For the Ga based clathrate systems the SOFs show a relatively smooth variation with composition. The SOFs increase in the order 16i − 24k − 6c, which corresponds to the energetic
ordering of the singlet ECIs [Fig. 3(a,b)]. At the same time the number of Ga–Ga neighbors
decreases continuously with decreasing Ga content [Fig. 6(a,b)]. This observation correlates
with Ga–Ga repulsion being weaker than Al–Al repulsion as evident from the pair ECIs
(Fig. 3).
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A compilation of experimental SOFs from various sources 9,36–39 reveals that the calculated
SOFs for Ba8 Gax Si46−x are in excellent agreement with these data, and in fact clearly reveal
the chemical trends in this material.
In contrast to the Ga based materials, in the case of the Al containing systems we observe
a very pronounced, non-monotonic dependence of the SOFs on Al content [Fig. 7(c,d)], which
is in very good agreement with available experimental data. 9,13,14,40
The composition dependence exhibits two distinct regions that meet at x ≈ 14, which
becomes even more apparent in the zero temperature limit (Fig. 8). For x > 14, the SOFs
follow the same order as in the case of the Ga based clathrates, whereas the 24k and 16i
SOFs are reversed for x ≲ 14. This behavior can be rationalized by invoking not only the
singlet ECIs but also the pair interactions (Fig. 3).
First we note that for compositions below x = 14 (but not above) it is possible to
accommodate all Al atoms on 6c and 16i sites without the need to occupy 24k sites. Since
there are no bonds between 16i and 6c sites (Fig. 1), this strategy eﬀectively avoids nearest
neighbor Al–Al pairs. Since the pair ECIs for the Al systems are larger by a factor of two
to five compared to the Ga containing clathrates, avoiding Al–Al neighbors is energetically
more important and 16i sites become eﬀectively favored over 24k sites. The strength of the
Al–Al repulsion is also apparent in the much lower fraction of Al–Al neighbors, which is
below 2% for practically the entire temperature-composition plane [Fig. 6(c,d)].
The eﬀect of the pair ECIs is even notable when comparing Ba8 Alx Ge46−x and Ba8 Alx Si46−x ,
as in the latter case the peak in the 16i SOF around x = 14 is less pronounced [Fig. 7(c,d)],
which is in line with the lower pair ECIs of Ba8 Alx Si46−x [Fig. 3(c,d)].
Similar features as the ones described above were already observed in the experimental
data for both Ba8 Alx Si46−x and Ba8 Alx Ge46−x , which prompted the formulation of a set
of rules for the SOFs. 3 The present analysis provides a rigorous basis for these rules and
demonstrates how the underlying interaction strengths can be obtained quantitatively, which
allows one to extend the approach more easily to a larger class of clathrates. We note that
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the variation of the SOFs at zero temperature described here (Fig. 8) was also observed in
a recent simulation study that focused on the ground state structures in Ba8 Alx Si46−x and
Sr8 Alx Si46−x . 17
The temperature dependence of the SOFs predicted by our simulations represents the
behavior of materials that have achieved thermodynamic equilibrium with regard to the
distribution of diﬀerent chemical species over the available lattice sites. Experimentally,
equilibrium can be expected to be achieved only above a certain minimum temperature,
corresponding to the onset of mobility for intrinsic defects that can mediate atomic rearrangement. 41 This temperature range can thus be estimated by comparison of calculated
and experimental SOFs. More specifically, it should correspond to the temperature below
which the calculated SOFs start to deviate from the experimental data. This yields an
estimate for the temperature, at which chemical order is frozen, between of 600 to 700 K.

Oﬀ-center displacements of Ba atoms
Experimental measurements of the nuclear density have shown a non-spherical distribution
of the Ba atoms around the 6d sites of the type-I clathrate structure in several of the materials considered here. 3,11,13,14,40 This eﬀect has also been included in Rietveld refinements of
diﬀraction data by assigning six of the Ba atoms in the structure to either 24k or 24j Wyckoﬀ
sites with a partial occupancy of 25%, corresponding to a fourfold splitting of the 6d site. To
assess whether this behavior can at least be partially explained in terms of the variation of
chemical composition of the cages with Al/Ga content, we extracted representative configurations from MC simulations at 700 K and relaxed them using DFT calculations. We then
mapped each configuration onto the respective ideal crystal structure scaled to the lattice
parameter corresponding to the composition (Fig. S2 in the Supplementary Information),
and computed the displacement of the Ba atom from the ideal 6d site.
In all four materials near the stoichiometric composition, the Ba atom is displaced by
15 to 19 pm from the ideal 6d site (Fig. 9). These numbers are in good agreement with
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the radius of the ring-like nuclear density extracted experimentally. 3,13 Unfortunately, our
statistics are insuﬃcient in order to extract the full three-dimensional nuclear density. We
can, however, obtain the radial distribution, which exhibits a shape that is consistent with
a ring-like nuclear density [shown exemplarily for Ba8 Alx Ge46−x in Fig. 9(e)].
While in all four materials the oﬀ-center displacement (OCD) is maximal for x ≈ 16,
they exhibit diﬀerences with respect to its variation with composition. For Ba8 Gax Ge46−x
and Ba8 Alx Ge46−x the OCD falls oﬀ only slowly with Ga/Al content for 8 ≤ x ≤ 15 with an
average value of about 10 to 13 pm. In contrast, for the Si-containing clathrates the OCD
decreases strongly and monotonically with composition, reaching minimal values of about
2 pm at x ≈ 6.
The trends in the OCDs correlate with the variation of the lattice parameter with composition (Fig. S2 in the Supplementary Information). While in the case of Ba8 Gax Si46−x and
Ba8 Alx Si46−x the lattice parameter increases with Al/Ga content, a weaker correlation with
the opposite sign is observed for Ba8 Gax Ge46−x and Ba8 Alx Ge46−x . The size of the cages, in
which Ba resides, scales with the average atomic volume of the structure and thus the lattice
constant (Fig. S5 in the Supplementary Information). The strong reduction in the OCD in
the former two materials can therefore be related to a general decrease in the cage size.
It is noteworthy that the OCDs calculated here in the zero temperature limit, compare
well both in trend and magnitude with experimental data for the atomic displacement parameter (ADP) of the Ba 6d site in Ba8 Gax Ge46−x and Ba8 Alx Si46−x . 14,24 Since the ADPs
indicate the magnitude of thermal displacements as obtained from Rietveld refinements, a
direct comparison with the OCDs is, however, not meaningful. Nonetheless the underlying
structural features including cage size and Al content of the cages are the same, which helps
to explain the correlation of the parameters.
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Comment on nuclear densities in Ba8 Alx Ge46−x
The symmetry of the Ba site in Ba8 Alx Ge46−x appears to be sensitive to the synthesis route. 13
While for a “shake-and-bake” sample the Ba 6d site has been found to split four-fold at low
temperatures yielding 24k or 24j sites, the 6d site symmetry was maintained in the case
of a Czochralski grown crystal. This diﬀerence between the samples is also apparent from
the nuclear densities. It has furthermore been found that the “shake and bake” sample had
an Al content of 15.5 and a 6c SOF of 67%, whereas the Czochralski grown crystals gave
14.8 and 96%, respectively. 3 These two points fall in the composition region, for which our
simulations show a relatively sharp transition in the SOFs (Fig. 7). The analysis of the Ba
displacements shows that this transition also leads to a rather abrupt change in the OCDs,
in accordance with the experimental trend.

Conclusions
In the present work, we have combined density functional theory calculations with alloy cluster expansions in order to study chemical ordering in four prototypical clathrates
(Ba8 Gax Ge46−x , Ba8 Gax Si46−x , Ba8 Alx Ge46−x , Ba8 Alx Si46−x ). The energy landscape was
sampled as a function of temperature and composition using Monte Carlo simulations, from
which we extracted site occupancy factors, heat capacities, and lattice constants.
The predicted SOFs are in very good agreement with experimental data, where comparison is possible (Fig. 7). More importantly the simulations clarify the experimental
observations and reveal trends across materials. For Ga-based materials as well as Al-based
materials with an Al content above x = 14, the diﬀerent sites are occupied in the sequence
6c − 24k − 16i. If the Al content drops, however, to x ≈ 14 or below 16i sites become more
preferable than 24k sites. This behavior can be explained in terms of the ECI parameters
of the underlying CEs. The latter show that Al–Al repulsion is much stronger than Ga–Ga
repulsion (Fig. 3), which drives the redistribution from 24k to 16i sites with decreasing Al
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content.
Chemical ordering is shown to impact various properties including the heat capacity
[Fig. 5(a) and Fig. S3 of the Supplementary Information] and the lattice parameter [Fig. 5(b,c)
and Fig. S2 of the Supplementary Information]. Specifically, in the former case the present
results suggest that the jump in the heat capacity observed in some experimental measurements can be related to the entropic contribution associated with chemical (dis)order.
For convenience let us summarize the essential chemical trends that have emerged from
the comparison of four diﬀerent clathrate systems. The singlet ECIs, which determine the
energy cost for occupying diﬀerent Wyckoﬀ sites, follow the order 6c > 24k > 16i in all
materials considered here. The pair interaction between group-13 species are, however,
notably more repulsive for Al–Al than for Ga–Ga (Fig. 3). As a result, Al–Al bonds are
strongly suppressed at all temperatures and compositions, whereas the Ga-based materials
are more tolerant to the formation of Ga–Ga bonds (Fig. 6). The repulsive Al–Al interaction
furthermore causes an inversion in the ordering of the SOFs for compositions above x ≈ 14,
with the 16i SOF exceeding the 24k SOF (Fig. 7). This behavior also translates to e.g.,
the heat capacity and the lattice parameter, for which the chemical ordering eﬀect in Alcontaining systems kicks in at higher temperatures than in Ga-based materials.
While the group-13 component is more dominant in the case of heat capacity, lattice parameter, and SOFs, the variation of lattice parameter and Ba OCD with composition is more
sensitive to the group-14 component (Fig. 9 and Fig. S2 in the Supplementary Information).
Here, both lattice constant and OCD in Si-based materials exhibit a pronounced positive
correlation with Al/Ga-content. By contrast, a much weaker variation with the opposite
sign is obtained for the lattice constant in the Ge-containing systems.
We note that in the present work we have made some approximations. Most notably
although experimental data shows vacancies to be present in substantial concentrations, in
particular at the lower end of the composition range, we did not include these defects in
our simulations. As our results are in good or very good agreement with experimental data,

16

this reflects the fact that the inclusion of vacancies is of lesser importance for the properties
considered here. Explicitly including vacancies implies moving from a quasi-binary (group13/group-14) to a quasi-ternary (group-13/group-14/vacancy) system. While the inclusion
of vacancies is beyond the scope of the present work, it can thus in principle be accomplished
with cluster expansions and could be addressed in future work.
Generally, the present results demonstrate the potential of alloy cluster expansions to
resolve microscopic features and reveal trends in complex inorganic materials that otherwise
require extensive experimental work. This is not only very useful for understanding existing
materials but ultimately creates an avenue for a more systematic exploration of a larger
chemical space.

Supporting Information Available
Figures of 6c SOFs, lattice constants, and heat capacities as a function of temperature
and composition; figures of eﬀective cluster interactions for cluster expansions of the cell
volume; compilation of experimental SOF data included in Fig. 7 in the form of a table
(PDF); structures obtained by simulated annealing at diﬀerent compositions (text files with
atomic coordinates).
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139; Springer Berlin Heidelberg, 2011; pp 97–142.
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Figure 1: Crystal structure of type I clathrates. The guest species (Ba) occupies Wyckoﬀ
sites of type 2a and 6d, while the host species (Ga, Al, Ge, Si) occupy Wyckoﬀ sites of type
6c, 16i, and 24k. The configurations in the bottom row illustrate the environments for 6c,
16i, and 24k sites, respectively.
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Figure 2: Performance of cluster expansions constructed in this work. Prediction errors for
(a) Ba8 Gax Ge46−x , (b) Ba8 Gax Si46−x , (c) Ba8 Alx Ge46−x , and (d) Ba8 Alx Si46−x as a function
of the DFT target energy.
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Figure 7: Site occupancy factors in intermetallic clathrates as a function of composition for
Wyckoﬀ sites 6c (red), 16i (blue), and 24k (orange). Solid lines show simulation results
obtained at 700 K whereas the shaded regions indicate a variation by ± 100 K.
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